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Abstract 

In this paper we obtain asymptotic formulas of arbitrary order for 
the Bloch eigenvalue and the Bloch function of the periodic Schrodinger 
operator —A + q(x), of arbitrary dimension, when corresponding quasi- 
momentum lies near a diffraction hyperplane. Moreover, we estimate the 
measure of the isoenergetic surfaces in the high energy region. 

Bisides, writing the asymptotic formulas for the Bloch eigenvalue and 
the Bloch function, when corresponding quasimomentum lies far from 
the diffraction hyperplanes, obtained in my previous papers in improved 
and enlarged form, we obtain the complete perturbation theory for the 
multidimensional Schrodinger operator with a periodic potential. 

1 Introduction 

In this paper we consider the operator 

L(q(x)) = -A + q(x), x e R d , d > 2 (1) 

with a periodic (relative to a lattice fl) potential q(x) £ W^iF), where 

8 > s = ^-(3 d + d+2) + \d3 d + d + 6, F = R d /0 is a fundamental domain 
of fl. Without loss of generality it can be assumed that the measure n(F) of F 
is 1 and J F q(x)dx = 0. Let Lt(q(x)) be the operator generated in F by (1) and 
the conditions: 

u{x + lu)= e 4(t ' w) u(V), Mu G n, (2) 

where t 6 F* = K d /r and T is the lattice dual to f2, that is, T is the set of all 
vectors 7 G K d satisfying (7, oj) G 2-7rZ for all u> G fi. It is well-known that ( see 
[2]) the spectrum of the operator L t (q(x)) consists of the eigenvalues 

Ai(t) < A 2 (i) < ....The function A n (t) is called nth band function and its 
range A n = {A n (t) : t G F*} is called the nth band of the spectrum Spec(L) of 
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L and Spec(L) = U^ =1 A n . The eigenfunction $f n ,t{x) of L t (q(x)) corresponding 
to the eigenvalue A n (t) is known as Bloch functions. In the case q(x) — these 
eigenvalues and eigenfunctions are | 7 + 1 | 2 and e l ^ +t - x ^ for 7 e I\ 

This paper consists of 6 section. First section is the introduction, where we 
describe briefly the scheme of this paper and discuss the related papers. 

In papers [13-17] for the first time the eigenvalues |7 + i| 2 , for big 7 e T, 
were divided into two groups: non-resonance ones and resonance ones and for 
the perturbations of each group various asymptotic formulae were obtained. Let 
the potential q(x) be a trigonometric polynomial 

where q 1 = (q(x), e 4 ^) = J F q(x)e- i ^ x Ux, and Q = {7 e T : q 1 ^ 0} 
consists of a finite number of vectors 7 from T. Then the eigenvalue I7 + t\ 2 is 
called a non-resonance eigenvalue if 7 + t does not belong to any of the sets 

W&.ai = € M d :|| x | 2 - I a: + b | 2 |<| a; | Ql }, that is, if 7 + t lies far from 
the diffraction hyperplanes = {x e R d :| a; | 2 = | x + b | 2 }, where a\ G (0, 1), 
kQ (see [15-17]). The idea of the definition of the non- resonance eigenvalue 
[7 + t\ 2 is the following. If 7 + t £ Wb, ai then the influence of (fte'( 6 ' x ) to the 
eigenvalue [7 + t\ is not significant. If 7 + t does not belong to any of the sets 
Wb tai for b e Q then the influence of the trigonometric polynomial q{x) to the 
eigenvalue I7 + t\ 2 is not significant. Therefore the corresponding eigenvalue of 
the operator L t (q(x)) is close to the eigenvalue | 7 + t | 2 of L t (0). 

If q(x) £ Wf (i* 1 ), then to describe the non-resonance and resonance eigen- 
values 1 7 + t\ 2 of the order of p 2 ( written as I7 + t\ 2 <~ p 2 ) for big parameter p 
we write the potential q(x) € Wf (F) in the form 

<?(*)= E <Z 7l e i(7l ^ + 0(p-^), (3) 
7l er( P °) 

where = {7 G T : < | 7 |< p Q )}, p = s-d, a = ±, g = 3 d + d + 2, 

and the relation I7 + 1\ 2 <~ p 2 means that cip < [7 + 1| < c 2 p. Here and in 
subsequent relations we denote by Cj (i = 1, 2, ...) the positive, independent of 
p constants whose exact values are inessential. Note that q(x) e W^F) means 
that I 97 I 2 (!+ I 7 I 2s ) < 00. If s > d, then 

E I 97 l< c 3 , sup I 2 g 7 e^|< E I ?7 1= (4) 

7 7^r(cip a ) | 7 |>cif»" 

i.e., (3) holds. It follows from (4) that the influence of J2-y(r(c lP ") 1i e to 
the eigenvalue [7 + i| 2 is 0(p~ pa ). If 7 + t does not belong to any of the sets 

WVi(c 2 ) = {x £R d :\\ x\ 2 - \ x + b | 2 |< c 2 I a: for b e r( Cl p"), then 
the influence of the trigonometric polynomial P(a:) = S 7 er(cip°) Q^ ella,x ^ to the 
eigenvalue I7 + t\ 2 is not significant. Thus the corresponding eigenvalue of the 
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operator L t {q{x)) is close to the eigenvalue | j+t | 2 of L t (0). Note that changing 
the values of C\ and C2 in the definitions of Wb iQl (c 2 ) and P{x) we obtain the 
different definitions of the non-resonance eigenvalues. However, in any case we 
obtain the same asymptotic formulas and the same perturbation theory, that 
is, this changing does not change anything for asymptotic formulas. Therefore 
we can define the non-resonance eigenvalue in different way. In accordance with 
the case of the trigonometric polynomial it is natural to say that the eigenvalue 
1 7 + t\ 2 is a non-resonance eigenvalue if 7 + 1 does not belong to any of the sets 
Wb, ai (C2) for I b |< cip I7 + t\ a . However, for simplicity, we give the definitions 
as follows. By definition, put = 3*0; for k — 1,2, ... and introduce the sets 
V 7l (p ai ) = {x € K d :|| x | 2 - I x + 7l | 2 |< p°i} n (R(lp)\R(lp)) 

£?i(p ai ,p)= (J V, 1 (p ai ),U(p ai ,p) = (R^p)\R{^p))\E 1 {p a \p), 
7ier(pp«) 

E k {p a \ P )= |J (nLi^(p Qfc )), 

71: .72: ...^ k eT(pp a ) 

where R(p) = {x G M d :| x |< p}, p is a big parameter and the intersection 
^i=i^7» m the definition of is taken over 71,72, ■•■,7fe, that are linearly in- 
dependent. The set U(p ai ,p) is said to be a non-resonance domain and the 
eigenvalue I7 + t\ 2 is called a non-resonance eigenvalue if j + t G U(p ai ,p). The 
domains V^p" 1 ) for 71 G r(pp a ) are called resonance domains and | 7 + t | 2 is 
called a resonance eigenvalue if 7 + t G V^p" 1 ). In Remark 1 we will discuss 
the relations between sets H / 6 ! a 1 (c 2 ) and V&(p Ql ). 

In section 2 we prove that for each 7+t G U(p ai ,p) there exists an eigenvalue 
A]v(i) of the operator L t (q(x)) satisfying the following formulae 

A N (t) =| 7 + t | 2 +F fe _!( 7 + 1) + 0(| 7 + t r 3fc «) (5) 

for k = 1, 2, [|(p— 2<l(d— 1))], where [a] denotes the integer part of a, F = 0, 
and ( for k > 1) is expressed by the potential q(x) and eigenvalues of L t (0). 
Besides, we prove that if the conditions 

|AAr(t)-| 7 + t| 2 |<^ Ql , (6) 
|6(JV, 7 ) \>c 4 p- ca (7) 

hold, where b(N,~/) = (^N,t, e l ^' l+t ' x ' > ), ^N,t(x) is a normalized eigenfunction 
of L t (q(x)) corresponding to Ajv(t), then the following statements are valid: 

(a) if 7 + t is in the non- resonance domain, then Ajv(t) satisfies (5) for 
k = 1,2, [|(p — c)] ( see Theorem 1); 

(b) if 7 + t G E s \E s+ i, where s = 1,2, 1, then 

A N (t) = \ J ( 1 + t) + 0(\ 1 + t\- ka ), (8) 

where Aj is an eigenvalue of the matrix C(7 + t) ( see (27) and Theorem 2). 
Moreover, we prove that every big eigenvalue of the operator L t (q(x)) for all 
values of t satisfies one of these formulae. 
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The results of section 2 ( see Theorem 1,2) is considered in [17]. However, 
in that paper these results are written only briefly. The enlarged variant is 
written in [19, 21] which can not be used as a reference. Here we write the non- 
resonance case in an improved and enlarged form and so that it can easily be 
used in the next sections. Moreover it helps to read section 3, where we consider 
in detail the single resonance domains V yi (p ai ) = V 11 (p ai )\E2, i.e., the part 
of the resonance domains V 7l (p ai ), which does not contain the intersection of 
two resonance domains. Namely, for this case we obtain asymptotic formulas 
of arbitrary order for the eigenvalues of the d dimensional periodic Schrodingcr 
operator L(q) for arbitrary dimension d. This case is connected with Sturm- 
Liouville operators. In the next papers, which use this, we will constructively 
determine a family of spectral invariants by given Floquet spectrum and give 
an algorithm for finding the potential q(x) by these spectral invariants. Thus 
the new results about asymptotic formulas for eigenvalues are the results corre- 
sponding to the single resonance case (section 3). It follows from (5) that the 
non-resonance eigenvalue of L t (q(x)) is close to the eigenvalue of the Laplace 
operator L t (0). So the influence of the potential q{x) is not significant. To 
obtain the asymptotic formula for the non-resonance eigenvalues we take the 
operatorL t (0) for an unperturbed operator and q{x) for a perturbation. We use 
the formula (16) connecting the eigenvalues and eigenfunctions of L t (q(x)) and 
L t (0). We call (16) binding formula for L t (q(x)) and L t (0). In section 2 substi- 
tuting the decomposition (3) of q(x) into (16) and iterating it several times we 
get the asymptotic formulas for the non-resonance eigenvalues. 

The resonance eigenvalues corresponds to the quasimomentum 7 + t lying 
near the diffraction hyperplanes {x :| x | 2 = | x + S | 2 }. In this case the influence 
of the directional potential 

q\x) = ]T q nS e m ^ = Q(C), ( = (5, x) (9) 

is significant, but the influence of q(x) — q s (x) is not significant. Therefore 
these eigenvalues of L t {q{x)) is close to the eigenvalues of L t (q s (x)). Hence in 
section 3 for investigation of the resonance eigenvalues we take the operator 
L t (q s (x)) for an unperturbed operator and q(x) — q s (x) for a perturbation. To 
prove the asymptotic formulas for the resonance eigenvalues first we consider the 
eigenvalues and eigenfunctions of L t (q s (x)) ( see Lemma 2 ). Then we iterate 
the formula (53) connecting the eigenvalues and the eigenfunctions of Lt(q(x)) 
and L t (q s (x)). We call (53) binding formula for L t (q(x)) and L t (q s (x)). The 
formulas (16), (53) and their iterations are similar. In the resonance case ( 
in section 3) we use the ideas of the non-resonance case ( of section 2) and 
replace the perturbation q(x) by the perturbation q(x) — q s (x), the eigenvalues 
I 7+* 1 2 and eigenfunctions e l ^ +t ' x ^ of the unperturbed ( for non-resonance case) 
operator L t (0) by the eigenvalues and eigenfunctions of the unperturbed ( for 
resonance case) operator L t {q 5 {x)) respectively. Therefore the simple iterations 
of (16) helps to read the complicated iteration of (53). 

For investigation of the Bloch function in the non-resonance domain, in 
section 4, we find the values of quasimomenta 7 + t for which the corresponding 
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eigenvalues are simple , namely we construct the subset B of U(p ai ,p) with the 
following properties: 

Pr.l. If 7+£ e B, then there exists a unique eigenvalue, denoted by A( 7 +f), 
of the operator L t (q(x)) satisfying (5). This is a simple eigenvalue of L t (q(x)). 
Therefore we call the set B the simple set of quasimomcnta. 

Pr.2. The cigcnfunction *jv( 7 +t) i x ) = ^i+t{x) corresponding to the eigen- 
value A(7 + t) is close to e l ^ 1+t ' x \ namely 

* N (x) = e *(7+*.x) +0 {\ 1 + t (10) 

* 7+t (a;) = e^ +t ^ + $ fc _i(a:) + 0(\ 7 + t |- feQl ), k = 1, 2, ... , (11) 

where is expressed by g(x) and the eigenvalues of Lt(0). 

Pr.3. The set B contains the intervals {a + sb : s e [—1, 1]} such that 
A (a — b) < p 2 , A(a + &) > p 2 , and A (7 + t) is continuous on these intervals. 
Hence there exists 7 + t such that A (7 + t) = p 2 for p ^> 1. It implies that 
there exist only a finite number of gaps in the spectrum of L, that is, it implies 
the validity of Bethe-Sommerfeld conjecture for arbitrary dimension and for 
arbitrary lattice. 

Construction of the set B consists of two steps. 

Step 1. We prove that all eigenvalues Ajv(t) ~ p 2 of the operator L t (q(x)) 
lie in the E\ = p~ 2a neighborhood of the numbers 

F( 7 +i) =| 7+* I 2 +F fcl _i(7+t), Xjil+t) (see (5), (8)), where h = [£]+2. 
We call these numbers as the known parts of the eigenvalues. Moreover, for 
7 + t e U(p ai ,p) there exists Ajv(i) satisfying Ajv(i) = ^(7 + i) +o(ei). 

Step 2. By eliminating the set of quasimomenta 7 + t, for which the known 
parts F(-y + t) of Ajv(i) are situated from the known parts ^(7 +t), Xj(j +t) 
(7 7^ 7) of other eigenvalues at a distance less than 2ei, we construct the set B 
with the following properties: if 7 + t G B, then the following conditions (called 
simplicity conditions for Ajv(i)) hold 

I F( 7 + i)-F( 7 ' +t) |> 2ei (12) 

for 7' e ^\{7>, U(p ai ,p) and 

|F(7 + t)-A,( 7 '+t) |>2 £l (13) 

for 7 e K, 7 + t e Ek\Ek+i, j = 1, 2, where K is the set of 7 € T satisfying 
I F(-y + t)- I 7' +t | 2 |< |p Ql . Thus B is the set of 

x e U(p ai ,p) n (i?(|p - p ai_1 )\.R(±p + p" 1-1 )) such that x = 7 + i, where 
7 G r,i e F*, and the simplicity conditions (12), (13) hold. As a consequence 
of these conditions the eigenvalue Ajv(i) does not coincide with other eigenval- 
ues. To prove this, namely to prove the Pr.l and (10), we show that for any 
normalized eigenfunction ^n(x) corresponding to Ajv(t) the following equality 
holds: 

£ \b{N, 1 ')\ 2 =0{p- 2 ^). (14) 
7 'er\ 7 
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For the first time in [15-17] we constructed the simple set B with the Pr.l and 
Pr.3., though in those papers we emphasized the Bethe-Sommerfeld conjecture. 
Note that for this conjecture and for Pr.l, Pr.3. it is enough to prove that 
the left-hand side of (14) is less than \ ( we proved this inequality in [15-17] 
and as noted in Theorem 3 of [16] and in [18] the proof of this inequality does 
not differ from the proof of (14)). From (10) we got (11) by iteration (see 
[18]) . But in those papers these results are written briefly. The enlarged 
variant is written in [19,22] which can not be used as reference. In this paper 
we write these results in improved and enlarged form. The main difficulty and 
the crucial point of papers [15-17] were the construction of the simple set B 
with the Pr.l., Pr.3. This difficulty of the perturbation theory of L{q{x)) is of a 
physical nature and it is connected with the complicated picture of the crystal 
diffraction. If d = 2,3, then F(j + t) =| 7 + t | 2 and the matrix C("f + t) 
corresponds to the Schrodinger operator with directional potential (9) ( see 
[16]). So for construction of the simple set B of quasimomenta we eliminated 
the vicinities of the diffraction planes and the sets connected with directional 
potential ( see (12), (13)). Besides, for nonsmooth potentials q(x) £ L 2 (R 2 /Q), 
we eliminated a set, which is described in the terms of the number of states 
( see [15, 19, 20]). The simple sets B of quasimomenta for the first time is 
constructed and investigated ( hence the main difficulty and the crucial point 
of perturbation theory of L(q) is investigated) in [16] for d = 3 and in [15,17] 
for the cases: 

1. d = 2, q(x) £ L 2 (F)- 1 2. d > 2, q(x) is a smooth potential. 

Then, Yu.E. Karpeshina proved ( see [7-9]) the convergence of the perturba- 
tion series of two and three dimensional Schrodinger operator L(q) with a wide 
class of nonsmooth potential q(x) for a set, that is similar to B, of quasimo- 
menta. In papers [3,4] the asymptotic formulas for the eigenvalues and Bloch 
function of the two and three dimensional operator L t (q(x)) were obtained. In 
[5] the asymptotic formulae for the eigenvalues of L (q(x)) were obtained. 

In section 5 we consider the geometrical aspects of the simple sets. We prove 
that the simple sets B has asymptotically full measure on R d . Moreover, we 
construct a part of isoenergetic surfaces corresponding to p 2 , which is smooth 
surfaces and has the measure asymptotically close to the measure of the isoen- 
ergetic surfaces of the operator L(0). The nonemptyness of the isoenergetic 
surfaces for p ^> 1 implies the validity of the Bethe-Sommerfeld conjecture. 
Note that one can read Section 4 and Section 5 without reading Section 3. 

For the first time M.M. Skriganov [11,12] proved the validity of the Bethe- 
Sommerfeld conjecture for the Schrodinger operator for dimension d = 2,3 for 
arbitrary lattice, for dimension d > 3 for rational lattice. The Skriganov's 
method is based on the detail investigation of the arithmetic and geometric 
properties of the lattice. B.E.J.Dahlberg and E.Trubowits [1] using an asymp- 
totic of Bessel function, gave the simple proof of this conjecture for the two 
dimensional Schrodinger operator. Then in papers [15-17] we proved the valid- 
ity of the Bethe-Sommerfeld conjecture for arbitrary lattice and for arbitrary 
dimension by using the asymptotic formulas and by construction of the simple 
set B, that is, by the method of perturbation theory. Yu.E. Karpeshina ( see 
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[7-9]) proved this conjecture for two and three dimensional Schrodinger operator 
L{q) for a wide class of singular potentials q(x), including Coulomb potential, 
by the method of perturbation theory. B. Helffer and A. Mohamed [6], by 
investigations the integrated density of states, proved the validity of the Bethe- 
Sommerfeld conjecture for the Schrodinger operator for d < 4 for arbitrary 
lattice. Recently L. Parnovski and A. V. Sobelev [10] proved this conjecture for 
d < 4. The method of this paper and papers [15-17] is a first and unique, for the 
present, by which the validity of the Bethe-Sommerfeld conjecture for arbitrary 
lattice and for arbitrary dimension is proved. 

In section 6 we construct simple sets in the resonance domain and obtain 
the asymptotic formulas of arbitrary order for the Bloch functions of the 

d dimensional Schrodinger operator L(q(x)), where q(x) e W 2 S (F), 

s > 6(3 d (d+l) 2 )+d, when corresponding quasimomentum lies in these simple 
sets. Note that we construct the simple sets in the non-resonance domain so 
that it contains a big part of the isoenergetic surfaces of L(q). However in the 
case of resonance domain we construct the simple set so that it can be easily 
used for the constructive determination ( in next papers) a family of the spectral 
invariants by given Floquet spectrum. 

In this paper for the different types of the measures of the subset A of R d 
we use the same notation p(A). By | A | we denote the number of elements of 
the set A C T and use the following obvious fact. If a ~ p, then the number 
of elements of the set {7 + t : 7 e T} satisfying || 7 + 1 \ — a |< 1 is less than 
C5p d_1 . Therefore the number of eigenvalues of L t (q) lying in (a 2 — p,a 2 + p) is 
less than c^p d ^ x . Besides, we use the inequalities: 

a 1 +da<l-a, da < ^a d , k x < i(p - ^(qr(d - 1)), (15) 

V\ a \ > P a i 3k\a > d + 2a, a^ + (k — l)a < 1, 
a k+1 > 2(a k + (k- l))a 

for k = 1, 2, d, which follow from the definitions p = s — d, a k — 3 k a, a = ^, 
q = 3 d + d + 2, k\ = [j^j] + 2, pi = [|] + 1 of the numbers p, q, a/-, a, ki,p\. 

2 Asymptotic Formulae for the Eigenvalues 

First we obtain the asymptotic formulas for the non-resonance eigenvalues by 
iteration of the formula 

(A N - I 7 + t \ 2 )b(N, 7 ) = (* N , t {x)q(x), e^ +t ^), (16) 

which is obtained from equation — A^ N ^ t (x) + q(x) 1 i' N,t( x ) — A N 1 $ N ^ t (x) by 
multiplying by e^ 1+t ' x ^), where 7 + £ G U(p ai ,p). Introducing into (16) the 
expansion (3) of q(x), we get 

(A N - \ 1 + t\ 2 )b(N r/ )= J2 qjMN,i-n) + o(p-n- (17) 

7ier( P °) 
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From the relations (16), (17) it follows that 

7ier(p°) 

for all vectors 7 € T satisfying the inequality 

I A w - I 7'+* I 2 |> ^ Q1 - (19) 
If (6) holds and 7 + t e U(p ai ,p), then 

ll7 + t| 2 -|7-7i+t| 2 |>P Ql , I A w - I 7 - 7i + * I 2 |> \p ai (20) 

for all 71 € r(pp a ). Hence the vector 7—71 for 7+t e U (p ai ,p) and 71 € T(pp a ) 
satisfies (19). Therefore, in (18) one can replace 7 by 7 — 71 and write 

72er( P °) 

Substituting this for 6(iV, 7 — 71) into the right-hand side of (17) and isolating 
the terms containing the multiplicand b(N, 7), we get 

( A,-i7 + ;i 2 m7)= £ T 26( u 7 7:7i? ) +0 ^) = 

7l,72Sr(p°) 1 
I 971 I 2 ^,7) , V- ^^72^,7-71-72) 

^ A N -| 7 -7i+M 2 AAT-I7-71+M 2 lP J ' 

7ier(p ) 7i,72er(p ), 

7l+72#0 

since q lx q^ 2 —\ g 7l | 2 for 71+72 = and the last summation is taken under 
the condition 71+72 + 1 0. Repeating this process p\ = [|] + 1 times, i.e., in the 
last summation replacing b(N, 7 — 71 — 72) by its expression from (18) ( in (18) 
replace 7 by 7 — 71 — 72) and isolating the terms containing b(N,j) etc., we 
obtain 

(Ajv- I 7 + t \ 2 )b(N, 7) = A P1 (A N , 7 + t)b(N, 7) + C P1 + 0(p-n, (21) 
where A pi (A N , 7 + t) = S k (A N , 7 + 1) , 

^(A JV , 7 + t)= V g71g72-g7.g-71-72-.-7> 

^ g 7 ig72---g7 P1 +i & ( iV J 7-7i -72 - •••-7pi+i) 

°pi - 
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Here the summations for Sk and C Pl are taken under the additional conditions 
7i + 72 + ••• + 7s 7^ for s = 1, 2, k and s = 1, 2, respectively. These 
conditions and the inclusion 7$ € for i = 1,2, ...,p\ imply the relation 

Si=i 7* e r(p/9 Q ). Therefore from the second inequality in (20) it follows that 
the absolute values of the denominators of the fractions in Sk and C Pl are greater 
than {\p ai ) k and {^p ai ) Pl respectively. Hence the first inequality in (4) and 
PiUi > pa ( see the fourth inequality in (15)) yield 

C Pl =0{p-^) = 0{p-n, S k (A N , 1 + t)=0(p- ka i)yk = l,2,..., Pl . (22) 

Since we used only the condition (6) for A N , it follows that 

S k (a, 1 + t) = 0(p- kai ) (23) 

for all a e R satisfying | a— | 7 + t | 2 |< \p ai . Thus finding N such that An is 
close to I 7 + 1 | 2 and b(N, 7) is not very small, then dividing both sides of (21) 
by b(N,j), we get the asymptotic formulas for Ajv- 

Theorem 1 (a) Suppose j+t e U(p ai ,p). If (6) and (7) hold, then An satisfies 
formulas (5) for k = 1,2, — c)], w/iere 

F s = O(p- ai ),Vs = 0,l,..., (24) 

and F = 0, F s = A s (\ 7 + t \ 2 +F s _ u j + t) for s = 1, 2, .... 

(b) Forj + t e U(p ai ,p) there exists an eigenvalue An of L t {q{x)) satisfying 
(5). ' 

Proof, (a) To prove (5) in case k = 1 we divide both side of (21) by b(N, 7) 
and use (7), (22). Then we obtain 

A N ^\i + t\ 2 =0(p-^). (25) 

This and a\ = 3a ( see the end of the introduction) imply that formula (5) 
for k = 1 holds and F n = 0. Hence (24) for s = is also proved. Moreover, 
from (23), we obtain S k (\ 7 + t | 2 +0(p- ai ), 7 + t) = 0(p- ai ) for k = 1,2,.... 
Therefore (24) for arbitrary s follows from the definition of F s by induction. 
Now we prove (5) by induction on k. Suppose (5) holds for k = j, that is, 

Ajv =| 1 + t | 2 +F k - 1 (~f+t) + 0(p- 3ka ). Substituting this into A pl (A N ,j+t) 
in (21) and dividing both sides of (21) by 6(AT, 7), we get 

A N =\j + t\ 2 +A P1 (\ 7 + 1 | 2 +F j _ 1 + 0(p~^), 7 + t) + 0(p-^ a ) = 
I 7 + 1 | 2 +{A P1 {\l + t\ 2 +F j _ 1 + 0(p~^), 7 + i)- 
4* ( I 7 + * I 2 +^-i,7 + *)} + A P1 (| 7 + i | 2 +F j - 1 , 7 + i) + 0(p- (p - c)a ). 

To prove (a) for fc = j + 1 we need to show that the expression in curly brackets 
is equal to 0(p- ( - j+ ^ ctl ). It can be checked by using (4), (20), (24) and the 
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obvious relation 

1 



n;=i (I 7 + t | 2 +F J -_ 1 + 0(p-*«i )- | 7 + t - EI=i 7, I 2 ) 

1 

n; = i(i7+ti 2 +^-i-i7+t-E:=i7«i 2 ) 

= I ( I i) 

n;=i(i i+t\ 2 +Fj-i- 1 7 + 1 - £i=i 7, i 2 ) i- o( P -o+ i )« 1 ) j 

= 0(p-(J +1 ) Ql ) for s = l,2,...,pi. 

(6) Let A be the set of indices N satisfying (6). Using (16) and Bessel 
inequality, we obtain 

Hence, by the Parseval equality, we have J2ngA I H^,l) | 2= 1 — 0(p~ 2Ql ). This 
and the inequality | A |< c§p d ~ x = c 5 p( d ~ 1 * >qa ( see the end of the introduction) 
imply that there exists a number N satisfying | b(N,j) |> ^(c^)' 1 p 
that is, (7) holds for c = ( rf ~ 1 ) g . Thus Ajy satisfies (5) due to (a) ■ 

Theorem 1 shows that in the non-resonance case the eigenvalue of the per- 
turbed operator L t {q{x)) is close to the eigenvalue of the unperturbed operator 
L t (0). However, in Theorem 2 we prove that if 7 + t G dt =l V lz {p ak )\Ek+i for 
k > 1, where 71,72, ■•■,7fe are linearly independent vectors of T(pp a ), then the 
corresponding eigenvalue of L t (q(x)) is close to the eigenvalue of the matrix 
constructed as follows. Introduce the sets: 

B k = £? fc ( 7 i,72, -,1k) = {b:b = Eti«i7i,n< eZ,\b\< 

B k {l + t)= 1 + t + B k = {- / + t + b:be B k }, (26) 

B k (j + t,pi) ={j + t + b + a:be B k ,\a\< Pip a ,a G L}. 

Denote by hi + 1 for « = 1,2, 6^ the vectors of B k (j + t,p\), where 

b k = &fe(7i,72, •■•,7fe) is the number of the vectors of B k (j + t,p\). Define 

the matrix (7(7 + i, 71, 72, 7fe) = (Qj) by the formulas 

<k,i =| ft» + f I 2 , Ci tj = Qhi-hj, V« 7^ j, (27) 

where i,j = l,2,...,b k - We consider the resonance eigenvalue | 7 + t | 2 for 
7 + t G (n* =1 V7 ) , i (p Q!fe )) by using the following Lemma. 

Lemma 1 1/7 + 4 6^^)^+1, h + t G B k ( n + t, Pl ), 
(h-j + t)$ B k (j + t, Pl ), then 

II 7 + t | 2 - I h - 7' - j[ - 7 2 - - - Is + t | 2 |> ^" fc+1 , (28) 
where 7' G L(p"), 7^ G L(p Q ), j = l,2,...,s and s = 0,l,...,pi - 1. 
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Proof. The inequality p > 2p\ ( see the end of the introduction) and the 
conditions of Lemma 1 imply that 

/i-7'-7i-72---7s + * G B k (j + t,p)\B k (j + t) for all s = 0, 1, ..., Pl - 1. 
It follows from the definitions of Pfc(7 + i,f>), Pfc that ( see (26)) 

h — 7 -7 1 -7 2 -...-7 s +t = 7 + t + & + a, where 

\b\< ^P* a " +1 ,\ a \< P p a , -f + t + b + aif + t + B k . (29) 
Then (28) has the form 

|| -f + t + a + b | 2 - | 7 + i | 2 |> \p ak+1 - (30) 

To prove (30) we consider two cases: 

Case 1. a £ P, where P = Span{ji^2, ..., 7 fc}. Since b e B k C P, we have 
a + 6 e P. This with the third relation in (29) imply that a + b e P\Pfc ,i.e., 
I a + b |> | /)2 a ' +1 . Consider the orthogonal decomposition 7 + t = y + uof 
7 + 1, where v £ P and y_LP First we prove that the projection t> of any vector 
x e n^ =i y 7i (p Q '=) on P satisfies 

|«|=0(p (fc - 1)Q+Q *). (31) 

For this we turn the coordinate axis so that Span^i 72, ...,7fc} coincides with 
the span of the vectors ei = (1, 0, 0, 0), e 2 = (0, 1, 0, 0), e k . Then 
7s = Si=i7s,i e i f° r s = 1,2, ...,fc . Therefore the relation x E ^i—iV- ri (p ak ) 
implies that 

> 7s,^i = 0(p Qfc ),s = 1,2, ...,fc; ir„ = , n = 1,2,..., A;, 

^ det(7j,i) 

where a; = (ari,^, ...,a; <i ),7j = (7j,i.7j,2, ..., 7 j,k,0,0, ...,0), 6™, = 7^ for n ^ j 
and = 0(p ak ) for n = j. Taking into account that the determinant det(7j,j) 

is the volume of the parallelepiped ^»7» : e [0,1], « = 1,2, ...,k} and 

using I jj t i |< pp" ( since jj € r(pp") ), we get the estimations 

x n = 0(p ak+(k -^ a ) ,\/n=l,2,...,k; Mx e nJ =1 V 74 (p a *). (32) 

Hence (31) holds. Therefore, using the inequalities | a + 6 |> | p5 a *+i ( see 
above), afc+i > 2(afc + (k — l)a) ( see the seventh inequality in (15)), and the 
obvious equalities (y, v) — (y, a) = (y, b) = 0, 

\ 1 + t + a + b\ 2 - \^ + t | 2 =| a + b + v | 2 - I v | 2 , (33) 

we obtain the estimation (30). 

Case 2. a £ P. First we show that 

|| 7 + i + a| 2 - | 7 + t | 2 |>p Q *+ 1 . (34) 
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Suppose, to the contrary, that it does not hold. Then 7 + 1 G V a (p ak+1 ). On the 
other hand 7 + t e r\^ =1 V Ji (p ak + 1 ) ( see the conditions of Lemma 1). Therefore 
we have 7 + t € -Efc+i which contradicts the conditions of the lemma. So (34) is 
proved. Now, to prove (30) we write the difference | -f + t + a + b\ 2 — \ -f + t | 2 as 
the sum of di =| 7 + i + a + & | 2 - | 7 + t + 6 | 2 and d 2 =\ -f + t + b | 2 - | -f + t | 2 . 
Since d\ = | 7 + t + a | 2 — | 7 + t | 2 +2(a, 6), it follows from the inequalities 

(34) , (29) that | di |> § p ak+1 • On the other hand, taking a = in (33), we 
have d 2 =| b + v | 2 — | v | 2 . Therefore (31), the first inequality in (29) and the 
seventh inequality in (15) imply that | d 2 |< | p Qfc+1 , | di | — | d 2 \> \p ak+1 , 
that is, (30) holds ■ 

Theorem 2 (a) Suppose -f + t e (n* =1 K Tt ( / 9 Qfc ))\ J B fe+ i, w/iere fc = 1,2, ...,d-l. 
If (6) and (7) hold, then there is an index j such that 

A N (t) = A,( 7 + t) + 0(p-(P- c -^ a ), (35) 

where Ai(7 + t) < A 2 (7 + t) < ... < Xb k (7 + t) are the eigenvalues of the matrix 
C(7 + t, 71,72, -,1k] defined in (27). 

(b) Every eigenvalue Ajv(i) of the operator L t (q(x)) satisfies either (5) or 

(35) fore =2^11. 

Proof, (a) Writing the equation (17) for all hi + t e £?fc(7 + £,Pi), we obtain 

(A N - \h t +t\ 2 )b(N,h t ) = ]T q y b(N,h t --f')+0(p- pa ) (36) 

7 'er( P °) 

for i = 1, 2, fefe ( see (26) for definition of Bk(-f + i,Pi))- It follows from (6) 
and Lemma 1 that if (hi — 7 + i) ^ -Bfe(7 + t,pi), then 

I Ajv- |/ii-7-7i-72---7 s +i I 2 |> \p ak+ \ 

6 

where 7' e T(p a ),-f 3 e r(//*), j = 1,2, ...,s and s = 0, l,...,pi - 1. Therefore, 
applying the formula (18) p\ times, using (4) and p\ak+i > P\ot\ > pa ( see the 
fourth inequality in (15)), we see that if (hi — 7 + t) ^ -Bfe(7 + £,£>i), then 

6(JV, ^-7') = 



y- q- n q- (2 ...q- (pi b(N,hi-~f' - E£i 7») 

^....cW) n^ 1 ^- i * - v + * - Ei=i ^ 1 2 ) 

+o( P - pa ) = 0( P Piak+1 ) + o( P - pa ) = o( P - pa ). 

Hence (36) has the form 

(Ajv- \hi+t \ 2 )b(N, hi) = ]T qyb(N, h t - 7') + 0(p~ pa ), 1 = 1, 2, ...,b k , 
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where the summation is taken under the conditions 7 € T(p Q ) and 
hi — 7 + t € -Bfe (7 + t, pi ) . It can be written in matrix form 

(C - A N I)(b(N, hi.), b(N, h 2 ), ...b(N, h bk )) = 0(p- pa ), 

where the right-hand side of this system is a vector having the norm 
II 0(p- pa ) ||= 0(^/hp- pa ). Now, taking into account that 
7 + t e {hi + t : i = 1, 2, fefe} and (7) holds, we have 

c 4 p- ca < I b(N, hi) | 2 )^ <|| (C - AnI)- 1 II v^ce^, (38) 

i=l 

max I A w - A, ("Hi (C - A^/)- 1 ||> c 4 Cg * p -«*+p<\ (39) 

i=l,2,...,6fc 

Since 6^ is the number of the vectors of Bk(j+t,pi), it follows from the definition 
of -6/0(7 + t,pi) ( see (26)) and the obvious relations | Bk \— 0(p^ ak+1 ), 
I r(pi/3 Q ) |= 0(p da ) and da < ^ay ( see the end of introduction), we get 

b k = 0(p da+ ^ ak + 1 ) =0{pi ad ) = 0(p^ 3da ),Vfc = 1,2,.., d-1 (40) 

Thus formula (35) follows from (39) and (40). 

(b) Let Ajy (t) be any eigenvalue of the operator L t (q(x)) such that 

sj A^(t) e (|p, I p). Denote by D the set of all vectors 7 <G T satisfying (6). 
From (16), arguing as in the proof of Theorem 1(6), we obtain 

J2 ieD I b(N,j) \ 2 =l-0(p- 2a i). Since | D |= 0(j^~ x ) ( see the end of the 
introduction), there exists 7 G -D such that 

I b(N, 7) |> cjp^ 1 ^ 1 = c 7 p~ ( 2 >5q! , that is, condition (7) for c = ( d ~^ 9 
holds. Now the proof of (6) follows from Theorem 1 (a) and Theorem 2(a), since 
either 7 + t e U(p ai ,p) or 7 + t e E k \E k+1 for fc = 1,2, ..,d- 1 ( see (43)) ■ 

Remark 1 i/ere we note that the non-resonance domain 

U{c RP a \p) = (i?(fp)\i?(ip))\U 7ie r( PP =)^ 1 (c8P ai ), where 

V^cgP" 1 ) = {x :|| x | 2 - I x + 7l | 2 |< c s p^}n (R(%p)\R(±p)), has an 

asymptotically full measure on M. d in the sense that tends to 1 as p 

tends to infinity, where B(p) = {x e M. d :| x |= p}. Clearly, B(p) n Vb{c%p ai ) is 
the part of sphere B(p), which is contained between two parallel hyperplanes 

{x :| x | 2 - I x + b | 2 = -c s p ai } and {x :| x | 2 - | x + b | 2 = c s p ai }. The 
distance of these hyperplanes from origin is O(^y-). Therefore, the relations 
I r(p/o a ) |= 0(p da ), and ct\ + da < 1 — a ( see the first inequality in (15)) imply 

ai+d-2 

f 4B( P ) n H( C8 p Ql )) = °(^T6p)' ^ n %)) = O^- 1 -"), (41) 

M ((7( C8 p ai ,p) n B(p)) = (1 + 0(p- a ))p{B(p)). (42) 

7/x € nf =1 F 7i (p Qd ), then (32) holds for k = d and n = 1,2, d. Hence we have 
I x |= 0(p ad+ ( d_1 ) a ). It is impossible, since ad + (d — l)a < 1 f see i/ie sixi/i 
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inequality in (15)) and x G B{p). It means that (r\f =1 V yi (p ak )) fl B(p) = for 
p> 1. Thus for /)> 1 we have 

R{\p)\R{\p) = (U(p a \p)U(U d s Zl(E s \E s+1 ))). (43) 

Note that everywhere in this paper we use the big parameter p. All considered 
eigenvalues (7 + 1\ of Lt(0) satisfy the relations \p < |7 + i| < \p- Therefore 
in the asymptotic formulas instead of 0(p a ) one can take 0(\^ + t\ a ). For 
simplicity, we often use 0(p a ). It is clear that the asymptotic formulas hold 
true if we replace U(p ai ,p) by U{c^,p ai ,p). Since 

V b {\p ai ) C {R{^p)\R{\p))r\W btCll {l) C V 6 (§p Ql ), in all considerations the 
resonance domain Vb(p ai ) can be replaced by Wb. Q1 (l) fl (i?(|p)\i?(ip)). 

Remark 2 Here we note some properties of the known parts 

I 7 + t | 2 +Fk(~/ + t) (see Theorem 1) and A.,- (7 + t) ( see Theorem 2) of 
the non-resonance and resonance eigenvalues of L t (q{x)). Denoting j + t by x 
, where 7 + t £ U (p ai ,p), we prove 

WM_ = 0{p -2 ai+a)yi = 1; 2j d . Vfc = 1; 2j (44) 

by induction on k. For k = 1 the formula (44) follows from (4) and 

ia) = n ^'l 71 ^ m 2 = 0(p- 2 « 1+Q ), (45) 

OXi I x \ z — I x — 71 \ z (I x \ z — I x — 71 \ l Y 

where 71 (i) is t/ie if/i component of the vector 71 G r(p,o Q ) Zience is egwa/ to 
0(p a ). Now suppose that (44) holds for k = s. Using this and (24), replacing 
I x | 2 by \ x \ 2 +F s (x) in (45) and evaluating as above we obtain 

ai-i l M 2 +F.-|.c-?il 2 ' (|i| 2 +r.-|i-7il 2 ) 2 

TTiis formula together with the definition of Fk give (44) for k = s + 1. 
iVou; denoting Aj(7 + t)— | 7 + i | 2 by ri(j + t) we prove that 

I r,(x) - r,(x') |< 2pi ad \ x-x |,Vi. (46) 

Clearly r\(x) < r 2 (x) < ... < ^(a;) are i/ie eigenvalue of the matrix 

C(x)— I x 1 2 J = C (x), where C(x) is defined in (27). By definition, only 
the diagonal elements of the matrix C (x) depend on x and they are 

I x + Oi | 2 — I x | 2 = 2(x, ai)+ I Oi | 2 , where = hi + t — 7 — t and 
hi+t G Bk(y+t,pi). It follows from the definitions of Bk("f+t,pi) fork < d ( see 
(26)), and ay ( see introduction) that \ ai |< \p^ ak + pip a < p? ad . Using this 
and taking into account that C (x) — C (x ) = (aij), where aij = 2(x — x , a^), 
= for i 7^ j, we obtain \\ C (x) — C (x ) \\< 2p~2 ad \ x — x \ from which 
follows (46). 
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3 Bloch Eigenvalues near the Diffraction Planes 



In this section we obtain the asymptotic formulae for the eigenvalues corre- 
sponding to the quasimomentum 7 + t lying near the diffraction hyperplane 

D$ = {x e R d :| x \ 2 = \ x — S | 2 }. In section 2 to obtain the asymptotic 
formula for the non- resonance eigenvalues ( that is, for the eigenvalues corre- 
sponding to the quasimomentum 7 + t lying far from the diffraction planes) 
we considered the operator L t (q(x)) as perturbation of the operator L t (0) with 
q(x). As a result the asymptotic formulas for these eigenvalues of L t (q(x)) is 
expressed in the term of the eigenvalues of L t (0) . To obtain the asymptotic for- 
mulae for the eigenvalues corresponding to the quasimomentum 7 + 1 lying near 
the diffraction plane D$ we consider the operator L t {q{x)) as the perturbation 
of the operator L t (q 5 (x)), where the directional potential q s (x) is defined in 
(9), with q(x) — q 5 (x). So it is natural that the asymptotic formulas, which will 
be obtained in this section, for these eigenvalues will be expressed in the term 
of the eigenvalues of the operator L t (q s (x)). Therefore first of all we need to 
investigate the eigenvalues and eigenfunctions of the operator L t (q 5 (x)). With- 
out loss of generality it can be assumed that S is the maximal clement of T, 
that is, 6 is the element of T of minimal norm belonging to the line 5M., since 
it is easy to verify that V k s(p ai ) C V s (p ai ) for k = ±2, ±3, .... Note that S is 
the maximal element of r if {(5, uj) : to E Q} = 2-kZ. Let be the sublattice 
{/iiESl: (h,S) = 0} of £1 in the hyperplane H s = {x e M. d : (x,5) = 0}, and 
Ts = {a e Hs : (a, k) e 2irZ,y k e be the dual lattice of 0<j. Denote by F$ 
the fundamental domain Hs/Ts of IV Then t G F* has a unique decomposition 

t = a + r+ I S \- 2 (t,S)6, (47) 

where a e T s , t e F s . Define the sets fl' and r' by fi' = {h+lS* : h e 5 , Z E Z}, 
and by T' = {b + {p - (2n)- 1 (b, S*))S :beT s ,pe Z}, where 5* is the element 
of satisfying (S*,6) = 2tt. 

Lemma 2 (a) The following relations hold: ft = fl , T = T . 

(b) The eigenvalues and eigenfunctions of the operator L t (q s (x)) are 

X,Av,t) =\/3 + t\ 2 +H{v(J3,t)), ^Ax) = eW+^y iAP>t)) {Q 

for j € Z, (3 € r^, where v([3, t) is the fractional part of 

I 5 \~ 2 (t,S) — {2tt)^ 1 ((3 — a, 5*), r and a are uniquely determined from 
decomposition (47), ( = (<5,x), and [ij(v([3, t)), ipj tV (p t t) (C) are eigenvalues and 
corresponding normalized eigenfunctions of the operator T v ^ t ^(Q(()) (see (9)) 
generated by the boundary value problem 

I S | 2 y"(0 + Q(CMC) = W(C), y(C + 2tt) = e i2 ™y((), 

where, for simplicity of the notation, instead ofv([3,t) we write v{(3) (or v) if t 
(or t and [3), for which we consider v(/3, t), is unambiguous. 
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Proof, (a) For each vector to of the lattice fl assign ft = u> — (2tt)~ 1 (uj, 5)5*. 
Using the relations (u>,5) = 2irl G 2nZ, and {5*, 5) — 2tt we see that ft G O 
and (h,5) = ,i.e., ft G O5. Hence C O . Now for each vector 7 of the 
lattice T assign b = 7— | <5 |~ 2 (7, <5)5. It is not hard to verify that b G H$ and 
= (7,0;) G 27rZ for w G fia C 0. Therefore b G IV Moreover 

(ft 5*) = (7, 5*) - 2tt(7, (5) I <5 |~ 2 . Since (7, 5*) G 2ttZ, that is, (7, 5*) = 2im 
where n G Z, we have (7, <5) | (5 |~ 2 = n — (27r) _1 (6, 5*). Therefore we obtain an 
orthogonal decomposition 

7 = b + (7, JJj)jJ~\ = & + (« - (2^)^(&, (48) 

of 7 G T, where 6 G r«5, and ueZ. Hence T C T . On the other hand if 6 G T^, 
ft G Q s and n, / G Z then (ft + M*, 6+ (n- (2 7 r)- 1 (fe, £*))£) = {h,b) + 2nnl G 2ttZ. 
Thus, we have the relations ( see definition of the sets £1 , T ) 

n c n'.rc r',(w',7') g 2ttZ,Vw' g fi'.Vi' g r'. (49) 

Since O is the set of all vectors uj G R d satisfying (w,7) G 27rZ for all 7 G T 
and r is the set of all vectors 7 G K d satisfying (u>, 7) G 27rZ for all u> G £1 the 
relations in (49) imply £1 C f2, T C V and hence = CI , T = T . 

(b) Since (i + t is orthogonal to <5, turning the coordinate axis so that 5 coin- 
cides with one of the coordinate axis and taking into account that the Laplace 
operator is invariant under rotation, one can easily verify that 

(-A + q s (x))$j ! p(x) = \j t p$j t p{x) 

Now using the relation(£, w) — 2nl, where u) G O, I G Z, and the definitions of 
<$>j t p{x), ifj tV (5, x) we obtain 

$ j>fl (x + lo) = e^+^+^Vj,^, x + u) = i j>p (x)e i ^ +T ^ +a,r,v ^' t \ 

Replacing t and u> by t — a— | 5 |~ 2 (t, 5)5 and ft + 15* , where ft G fia, Z G 
(see (47) and the first equality of (a)) respectively, and then using 
(ft, 5) = 0, (5* ,5) = 2n one can easily verify that 

(0 + t,lu) = (t,u) + (J3-a,h)- 2wl[\ 5 \~ 2 (t,6) - (2tt)- 1 (/3 - a,5*)\. 
From this using that (/3 — a, ft) G 2irZ, ( since (5 — a G Fg, ft G SI5), and 
v(f3, t) is a fractional part of the expression in the last square bracket, we infer 
^j;fi{ x + UJ ) = ^'"'^j./jO'O- Thus $j t [)(x) is an eigenfunction of L t (q 5 (x)). 

Now we prove that the system {$j,p(x) : j G Z, /3 G T^} contains all eigen- 
functions of L t (q s (x)). Assume the converse. Then there exists a nonzero func- 
tion f(x) G L2(F), which is orthogonal to all elements of this system. Using 
(47), (48) of and the definition of v{(3,t) ( see Lemma 2(b)) we get 

j + t = (3 + T+(j + v)5, (50) 

where (3 G Ts, r G F$, j G Z, and v = v(@,t). Since e l ^ +v ^ can be decomposed 
by basis {(p jMP . t )){C) : j G Z} the function e l (T +t ^ = e i ^ +T ' x h^ j+v ^ (see 
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(50)) can be decomposed by system {$ 3 ^(x) = e*C +r ' x Vj>(/3,t)) (0 : 3 € Z}. 
Then the above assumption (<f>j^(x), f(x)) = for j e e Ts implies 

that (f(x),e l ^ +t - x ^) = for all 7 e T. This is impossible, since the system 
{ e »( 7 +t,a0 : 7 e r } is a basis of L 2 (F) m 

Remark 3 Clearly every vectors x ofR d has decompositions x = 7 + 1 ,where 
-f E T,t E F, and x = f3 + t + (j + v)S, where (3 E T s , t E F s , j E Z, v E [0, 1). 
We say that the first and second decompositions are T and Ts decompositions 
respectively. Writing 7 + t = (3 + r + (j + v(/3, t))S (see (50)) we mean the Ts 
decomposition of 7 + t. As it is noted in lemma 2 instead of v{(3,t) we write 
v{(3) (or v) if t (or t and (3), for which we consider v((3,t), is unambiguous. 

In section 2 we proved that if 7 + 1 £ Vs(p ai ) for all 6 E T(pp a ) then there 
is an eigenvalue An of L t (q(x)), which is close to the eigenvalue | 7 + t | 2 
of L t (0), that is, the influence of the perturbation q(x) is not significant. If 
7 + 1 E Vs(p ai )\E 2 , then using (50) and a\ = 3a, we get 

I (j + v)5\<n, \j5\<n, n>2 P a , (51) 

where n = ^+ \ 26 \ . To the eigenvalue | -f + t | 2 = | (3 + t \ 2 + \ (j + v)S \ 2 (see 

(50)) of i*(0) assign the eigenvalue Xj^(v,t) —\/3 + t\ 2 +[ij{v) of L t (q 5 (x)), 
where | (j + v)S \ 2 for j E Z is the eigenvalue of T v (0) and fJ,j(v) is the eigenvalue 
of T V (Q(Q) ( see lemma 2(b)) satisfying 

I M»- I U + v)6 \ 2 \< sup I Q(0 I, Vj g Z. (52) 

The eigenvalue \j t p(v, r) of Lt(q s (x)) can be considered as the perturbation of 
the eigenvalue | j + t \ 2 =\ (3 + t \ 2 + \ (j + v)S \ 2 of L t (0) by q 5 (x). Lemma 2(b) 
shows that for this perturbation the influence of q s (x) is significant for small 
value of j. Now we prove that there is an eigenvalue A^r oi L t (q(x)) which is close 
to the eigenvalue Xj^(v,t) of L t (q s (x)), that is, we prove that the influence of 
q(x) — q s (x) is not significant. To prove this we consider the operator L t (q(x)) 
as perturbation of the operator L t (q s (x)) with q{x) — q s (x) and use the formula 

(A N - \jjj)(^N,t(x), $j,(i(x)) = (*iv,t(a;), (q(x) - q 5 (x))^(x)), (53) 
called binding formula for L t (q(x)) and L t (q s (x)), which can be obtained from 

(L t (q S (x)) + (q(x) - {q S (x)))V N , t (x) = A N ^ N , t (x) 

by multiplying by $j^(x) and using L t (q 6 '(x))$ j,p(x) — Xj i ^j^(x). Note that 
the binding formula (53) can be obtained from the binding formula (16) by 
replacing the perturbation q(x) by the perturbation q(x) — q s (x), the eigen- 
values I 7 + t 1 2 and eigenfunctions e^ 7+ *' x ^ of L t (0) by the eigenvalues and 
eigenfunctions of the operator L t (q s (x)) respectively. Recall that we obtained 
the asymptotic formulas for the perturbation of the non-resonance eigenvalue 
I j+t | 2 by iteration the binding formula (16) for the unperturbed operator L t (0) 



17 



and the perturbed operator L t (q(x)) ( see section 2). Similarly, now to obtain 
the asymptotic formulas for resonance eigenvalue we iterate the binding formula 
(53) for the unperturbed operator L t (q s (x)) and perturbed operator L t (q(x)). 
For this ( as in the non-resonance case) we decompose (q(x) — q s (x))^j^(x) by 
the basis {$ ■/ ^ (x) : j e Z,f3 e Ts} and put this decomposition into (53). Let 
us find this decomposition. Using the decomposition (48) of 71 e T(p Q ) and 
(3), we get 

7l = ft + (m - (2^)- 1 (/3 1 , 5*))6, = e^i.^^i-^r^i.nK 

q{x)-Q(Q= cin^fay^'^e^ 1 -^ 1 ^ 1 ' 5 "^ + 0(p- pa ), 

(ni,0i)€r'(p«) 

(«(*)- QK))*^*) (54) 
= ]T C (n 1 ,/3 1 ) e i ^+^) e < ^-( 2 -)- 1 ^' 5 *))^, >(/3) (0+O(p- pa ), 

(m,/3i)€r'(p«) 

where c(ni,ft) = q 7l , 

r'(p a ) = {(m,ft) : ft G r s \{0},m G Z,ft + (m - (2 7 r)- 1 (ft, <y*))5 G r(p Q )}. 
Note that if (ni,ft) G r'(p a ), then | ft + (rn - (2vr)- 1 (ft , S*))8 \< p a and 

|ft|<//\ |(n 1 -(2 7 r)- 1 (ft,<5*))<5|<p«<ir 1 , (55) 

since ft is orthogonal to 8 and n > 2p" ( see (51)). To decompose the right- 
hand side of (54) by basis {$ ■' ^ (a;)} we use the following lemma 

Lemma 3 (a) // integers j,m satisfy the inequalities \ m |> 2 | j |, | |> 2r, 
then 

{<p jlV {Q, e^*) = 0(1 m5 I" 8 " 1 ) = 0(p-( s+1 ) Q ), (56) 

^m,»,e < W +0 > c )=0(|m5|— 1 ). (57) 

where r > r\ and r\ is defined in (51), <Pj, v {C) * s the eigenf unctions of the 
operator T V (Q(()), and Q(() G Wf(0, 2tt). 

(6) Tfte set W(p) = G (0,1) :| M » - ^(v) |> ^, Vj',j G Z,j' ± j} 

contains a set A(e(p)) = (e(p), \ — e(p)) U (^ + s(p), 1 — e(/°)), where e(p) > 
and e(p) — ► as p — ► 00. 

Proof, (a). To prove (56) we iterate the formula 

( M »- I (m + «)o | 2 )(^(C),e^+^) = fo lt ,(C)Q(C),e <(m+,,)C ), (58) 
by using the decomposition 

Q(0= E q hS e a ^ + 0(\m8\-^) (59) 
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Note that (58), (59) is one dimensional case of (16), (3) and the iteration of 

l^i, and| k |< Jgi 



(58) is very simple. If | j |< and| Zj |< -fe^ for i = 1,2, ...k = [|], then the 



l 



inequalities: m + u- Zi — Z2 — ... — l q \ — \ j -g 

I 171 I — I J + v ~ '1 — '2 — ••• — l q |> 5 I m I hold for q = 0, 1, fc. Therefore 
by (52), we have 

( I pj — \{m-h-l 2 - ... -l q + v)S I 2 !)" 1 = 0(| mS \- 2 ), (60) 
( I Mm- I (j - Zi - h - ... - Z, + I 2 !)" 1 = 0(1 mS |" 2 ), (61) 

for g = 0, 1, Zc. Iterating (58) k times, by using (60), (61), we get 

{(p ., e i(m + v K)= £ ^^...^X (62) 

|; 1 5|,|i 2 5|,...,|i fc+1 5|<i^i 

^ J ' e ' ' 0(| m5 I" 8 " 1 ). 



n£ =0 (^- I (m - Zi - Z 2 - ... -l q + v)5 | 2 ) 

Now (56) follows from (60), (62), and the first inequality in (4). Formula (57) 
can be proved in the same way by using (61) instead of (60). Note that in (56), 
and (57) instead of 0(| m5 I -5-1 ) we can write 0(p~( s+1 ) a ), since 
I mS \> r > n > 2p a ( see (51)). 

(b). During the proof of (b) we numerate the eigenvalue of T V (Q(()) in non- 
decreasing order, i.e., pi(v) < /x 2 (w) < ■■■■ It is well-known that the spectrum 
of Hill's operator T(Q(C t )) consists of the intervals 

[/i 2 j-i(0),/U 2 j-i(|)], [M2j(5),M2j(l)] for j = 1,2,.... The length of the jth 
interval Aj of the spectrum tends to infinity as j tends to infinity. The distance 
between neighbouring intervals, that is the length of gaps in spectrum, tends to 
zero. The eigenvalues p2j-i{v) and P2j(v) are increasing continuous functions 
in the intervals (0, \) and (|, 1) respectively and pj(l + v) = Pj(v) = pj(l — v). 
Since (In/?) -1 — > as p — > 00, the length of the interval Aj is sufficiently greater 
than (lnp)^ 1 for p 3> 1 and there are numbers £j(p), s'j (p) in (0, \) such that 

M2j-i(4-i(/°)) = ^-i(0) + (hip)" 1 , (63) 



1 II 1 

y-ltg - £ "j (p)) = ^-1(2) - Op) 

aMtj = M2j(^) + (In/?) -1 

M2j(l - 4'(/>)) = M2j(l) - (hip) 



-1 



Denote s'(p) = su Pj ^(p), e"(p) = supjs'j(p), e(p) = max{e'(p), e"(p)}. To 
prove that s(p) —* as p — ► 00 we show that both e (p) and e (p) tends to zero 
as p — > 00. If pi < p 2 then ^^2) < ^(pi) and e (p 2 ) < e (pi), since p2j-i(v) 
and P2j(v) are increasing functions in intervals (0, |) and (5, 1) respectively. 
Hence e (p) — > a e [0, |] as p — > 00. Suppose that a > 0. Then there is sequence 
Pfe — > 00 as Zc — > 00 such that £ (pk) > § for all fc. This implies that there is 
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a sequence {ik} and without loss of generality it can be assumed that there is 
a sequence {2jk — 1} of odd numbers such that £2j k -i(Pk) > f f° r au ^- Since 

H2j-i{v) increases in (0, §) and M2j fc -i(4j fc -i(Pfe)) _ M2j fc -i(0) = (hip*;) -1 we 
have 

I A^jk-iCf) — M2j" fc -i(0) |< (lnpfe) -1 — > as fc — > oo, which contradicts the 
well-known asymptotic formulas for eigenvalues Pj(v), for v — and v = j, 
where a G (0, \]. Thus we proved that e (p) —* as p — > oo. In the same way we 
prove this for £ (p), and hence for e(p). Now suppose v G A(e(p)). Using (63), 
the definition of e(p), and taking into account that p,2j-i(v) and H2j(v) increase 
in (0, \) and (|, 1) respectively, we obtain that the eigenvalues pi(v), P2{v), 
are contained in the intervals 

[ M2j _ 1 (0) + (lnp)- 1 , M2j _ 1 (I)-(lnp)- 1 ],K(i) + (lnp)- 1 ,p 2j (l)-(lnp)- 1 ] 
for j = 1,2,..., and in each interval there exists a unique eigenvalue of T v . 
Therefore the distance between eigenvalues of T v for v G A(e{p)) is not less than 
the distance between these intervals, which is not less than 2(ln p)^ 1 . Hence the 
inequality in the definition of W(p) holds, that is, A(e(p)) C W(p) ■ 

Lemma 4 If\ jS \ < r and (m,/3i) G T'(p a ), then 

= ]T a(ni,pi,j,p,j+ji,p + /3i)<p j+jlM0+0l) (C)+O(p-^ a ), (64) 

Ui*|<9r 

where r, T (p a ) are defined in Lemma 3(a), (54), and 
a(m,/3i,j,/3,j+ji,/3+/?i) = ^ 

Proof. Since e J (™i-( 27r ) ^ipj tV (p)(C) is equal to its Fourier series with 

the orthonormal basis {fj + j 1 _ v ( 0+01 )(() : ji G Z} it suffices to show that 

^h:\hS\>9r I + |= O^-^ 1 )"). For this we prove 

\a( ni ,pi,j,p,j+ji t /3 + pi) \=0{\ 3 i8\- s ) (65) 

for all ji satisfying | j\5 \> 9r and take into account that r > n > p Q ( see the 
last inequality in (51)). Decomposing <Pj, v tp) over { e *( m +'')C • m <= z} and using 
the last inequality in (55), we have 

e^-W'^'^tpjiC) = {^ j ,e^ m+v ^)e i{ - m+n+v ^ + ^ c , (66) 

mez 

where neZ and | n5 |< r. This and the decomposition 

<Pi+h(Q = E meZ (^ + , 1 , e 4 ( m+ "(^ 1 » c )e l(m+ ^ (/3+/3l)) " imply that 

a(ni,(3i,j,p,j+ji,0 + l3i) = ^(^■, e *»-"+")?)(^ +J1 , e *»+^' 3 +ft)K) (67) 
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Consider two cases: 1. | mS |> 3 | j\5 |> 3r and 2. | m |< | | ji \ . In the first 
case we have | (m — n)8 \ > 2r . Therefore (66) implies that 

{p j ,v(0,e ilm - n + o)C ) = O{\m5\-'- 1 ), 

E \{* j ,e i{m - n+v)i )\=0{\h8\-°). 
I"»l>|b'i| 

In the second case using | jiS |> 9r, | jS |< r, (57), we get| ji +j |> 2 | m |, 

( Vj+jl ,e^ m+ ^ + ^) = 0(| (ji+i)«5 r^" 1 )) = 0(| ix5 I — 1 ), 

2 I {<Pj + iAO,e^ m+v ^ + ^) |= 0(| |-). 
H<3b'il 

These estimations for these two cases together with (67) yield (65) ■ 
Now it follows from (54) and (64) that 

(q(x)-Q(O)$ f}0 ,(x)=O(p-r a )+ E c(m,/?i)x 

(n 1 ,j 1 ,0 1 )eG(p",9r) 

ainuth,j,t3'J + ii/ + /?i)e i(/3l+/3 ' + ^V/ +jl; , (/3 ' +/3l) (C) (68) 

for all j satisfying | j (5 | < r, where 

GV*,9r) = {(n,j,/3) :| jo" |< 9r,(n,/3) € T'{p a ),p^ 0}. In (68) the multi- 
plicand e i( -^ +f3 +T ' x) ip j > +jltV{f3+f3l) {0 = Qj'+w+faix) does not depend on n x . 
Its coefficient is 

A(j',P',j' +hj' + P~i = E c(ni,/3i)a(ni,/3i,/,/3',/+ii,/3'+/3i). 

ni:(ni,ft)er'(p°) 

(69) 

Lemma 5 // 1 /3' |<~ p and | jo" |< r, where r is defined in lemma 3(a), then 
(q(x)-Q(C))* ft0 ,(x) (70) 
E + A^+j^'+^W + 0(p- pa ), 

0" 1 ,/3l)eQ(p°,9r) 

w/iere Q(p Q ,9r) = {(j,/3) :| jo" |< 9r, <| /? |< Moreover, 

E I A(j',p',j' +ji,p' +Pi)\< c 9 , (71) 
Oi,/3i)eQ(p a ,9r) 

w/iere eg does not depend on (j ,P). 

Proof. The formula (70) follows from (68), (69). Now we prove (71). Since 
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£(7u,/3i)er'(,3") I c ( n i,0i) \< E 7 I <?7 l< c 3 (see definition of c(rai,/3i) and 
(4)), it follows from (69) that we need to prove 

Y I 0i,3,0', 3 +3i,0' +0i) l< ^(cs)" 1 . (72) 



For this we use (67) and prove the inequalities: 

^ | (^,, e ^-"+^' 3 ')C) |<c 10 , (73) 
mez 

Y |(^ +il ,e^^W)|< Cll . (74) 

Since the distance between numbers | vS | 2 , | (1 + v)S | 2 , for v € [0, 1] and 
similarly the distance between numbers | (—1 + v)5 | 2 , | (—2 + v)S | 2 , is not 
less than C12, it follows from (52) that the number of elements of the sets 
A = {m:\ {m-n + v{0))5 | 2 e fr., («(/?'))- 1, p., («(/?')) + 1]} and 

B = : Ay +jl Mft + /?'))€ [| (m + + 0'))6 | 2 -1, | (m + u)<5 | 2 +1]} 
is less than C13. Now in (73) and (74) isolating the term with m £ A and ji € £> 
respectively, applying (58) to other terms and then using 



I A 4 / («')- I (m-n + v')<J | 2 | < Cl4 ' 

£ fl + < Cl4 

we get (73), (74), and hence (64). Clearly the constants C14, C13, C12, Cn, C10 can 
be chosen independently on ( j , (3 ) . Therefore eg does not depend on ( j , /3 ) ■ 
Replacing (j, /?) by (j ,/3 ) in (53) and using (70), we get 



(A N - \ f}0 ,)b(N,j',p') = (q(x) - Q(O)$ fi0 ,(x)) = 0{p~^) 

+ Y, A(j',p',j' +0^,/ (75) 

for I |~ p and | j'S |< r, where b(N,j,(3) = ($! N (x),$j t p(x)). We would 
like to emphasize that if | j S |< r, then the summation in (75) is taken over 
Q(p a , 9r). Therefore if | |< n ( see (51)), then we have the formula 

(A N -X j!0 )b(N,j,(3) =0(p-n 



+ Y A(j,p,j+j lt /3 + /3 1 )b(N,j+j u p + /3 1 ). (76) 
Oi,/3i)eQ(p°,9n) 
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So (76) is obtained from (75) by interchanging j ,0 ,r, and j,0,n. Besides 
(76) is obtained from (53) by applying lemma 5. Now to find the eigenvalue 
A^r, which is close to Xj.p , where | j 6 \< r\ (see (51)) we are going to iterate (76) 
as follows. Since | jS |< n and (ji,0i) € Q{p a ,9r 1 ) 1 we have | (j+ji)S |< 10ri. 
Therefore in (75) interchanging j ,0 ,r, and j + ji,0 + 0\, 10r\ and introducing 
the notations r 2 = 10ri, j 2 = j + j\ + j2, 2 — + 0\ + 02, we obtain 

(Ajv - \ j+jl , 01+/ s)b(N,j + ji, f3 + ft) = 0(p- pa )+ 

b{N,j 2 ,0 2 )A(j+j 1 ,0 + 1 ,j 2 ,0 2 ). (77) 

(j2,/3 2 )eQ(p a ,9r 2 ) 

Clearly, there exist an eigenvalue Ajv(i) satisfying | Xj.p — Am \< 2M, where 
M = sup | q(x) | . Moreover, we will prove that if | |<~ p, and 
(ji,0i) S Q(p a ,9n) ( see Lemma 6 ), then 

5 1 

I - \+h,P+Pi l> g^" 2 ' I A ^ _ ^i+h,P+Pi l> 2 pQ2 - ( 78 ^ 

Then dividing both side of (77) by Ajv — ^j+j 1 ,p+f) 1 an d using (78), we get 
b(N,j+j 1 ,0 1 +0)=O(p-P a - a *)+ 

y A(j+j u + 1 ,j 2 ,0 2 )b(N,j 2 ,0 2 ) 
U^ 2 )eQ( P °,9r 2 ) AN-\ j+h , 01+0 
Putting the obtained formula for b(N 7 j + ji,0i + 0) into (76), we obtain 
(A N -Xj, )b(N,j,0) = O(p-P a )+ 



ST Ajj, 0, j + ji,0 + 0i)A(j + ji, + 0\, j 2 , 2 )b(N, j 2 , 2 ) 

1^ a \ ' ^> 

0"2,/32)eQ(p Q ,9r 2 ) 

Thus we got the one time iteration of (76). It will give the first term of asymp- 
totic formula for A^v- For this we find the index N such that b(N,j,0) is not 
very small (see Lemma 7) and (78) is satisfied, i.e., the denominator of the frac- 
tion in (80) is a big number. Then dividing both sides of (80) by b(N,j,0), we 
get the asymptotic formula for A^ (see Theorem 3). 

Lemma 6 Let j + t = + t + (j + v)5 E V' 5 (p ai ) (see (50) and Remark 3), 
and (ji,0i) G Q(p a ,9r\), (jk,0k) G Q(p a )9rfc), where r\ is defined in (51) and 
rfe = 10rfc_i for k = 2, 3, ...,p — 1. Then 

\jS\=0( P ai ), | j k S |= 0(p ai ), \0 k \<p a ,\Jk = l,2,...,p-l, (81) 
| X jt p(v,r) - A //3 |> 2(lnp)- 1 , V./ ± j, \/v{0) e W(p). (82) 
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Moreover if\j'S \< \p^ a \\ \< (p-l)p a , € r tf , j k = j+ji + ...+j k , 

(3 k = (3 + (3\ + ... + j3 k , where k = 1,2, ...,f>- 1, t/ien 

|A jl/3 -A /i/3 , |>|p«, V/3V/3, (83) 

| \j,p{v,T) ~ XjHjH \> h - P a \ V/3 fe £ /?. (84) 

Proof. The relations in (81) follows from (51) and the definitions of ri,rfc, 
Q(p a ,9rk) (see Lemma 5). Inequality (82) is a consequence of the definition of 
W(p) (see Lemma 3(b)). Inequality (84) follows from (83) and (81). It remains 
to prove (83). Since 

\Xj,fi -*?,{,' \>\\P +r\ 2 - \[1 + r\ 2 \-\p 3 -p r |, (85) 

it is enough to prove the following two inequalities | pj — pj |< \p a ' 2 , 

||/? + t| 2 -|/?'+t| 2 |>^ Q2 . (86) 

The first inequality follows from | j' 6 \< ^pi a2 , \ jS \= 0(p ai ) ( see the con- 
ditions of this lemma and (81)) and (52), since a 2 = 3ai. Now we prove (86). 
The conditions | (3 — [3 |< (jp — l)p a , \ 5 \< p a imply that there exist ntZ and 
7 G T such that 

7 ' = (3' - (3 + (n + (2tt)- 1 (/3' - (3, 6*))5 e T(pp a ). (87) 

Since (3 — (3 is nonzero element of we have 7 € T(pp a )\SR. This together 
with the inclusion 7 + t = (3 + t + (j + v)5 e V' s {p ai ) = V s {p ai )\E 2 ( see 
assumption of the lemma and definition of £2) implies that 7 + t ^ Vy(/9 Q2 ), 

that is, ||7 + t| 2 — |7 + t + 7 | 2 |> p a ' 2 . From this using the orthogonal 
decompositions (50), (87) of 7 + t, 7 and taking into account that (3,t,(3 are 
orthogonal to 6, \ jS \= 0(p ai ) (sec (81)), | n + (2-ir)- 1 (0' - (3,6*))5 |= 0{p a ), 
0-2 > 2a, wc obtain (86) ■ 

Lemma 7 Suppose h\(x), h,2(x), h m (x) € Lz(F), where m = p\ — 1, 

Pi = [|] + 1. T/ien /or etjery eigenvalue Xjjj <~ p 2 0/ ffte operator L t (q s (x)) 

there exists an eigenvalue A jv a^rf a corresponding normalized eigenfunction *S> jy 

of the operator L t (q(x)) such that: 

(*) I ~ ^-JV |< 2M, w/iere M = sup | q(x) |, 
(m) I b(N,j,0) \> ±(c 5 )-^p-i( d -^ a , 

m 

(Hi) I b(N,j,(3) | 2 > A r ^(* Ar ,^) | 2 > ^ I (* N ,^) | 2 , Vi. 

Proof. Let A,B,C be the set of indexes iV satisfying (i), (m), (in) respec- 
tively. Using (53) and the Bessel inequality we obtain 

y 1 b(N j i3) i 2 = y 1 -q(Q)®jM) p 

<(2M)- 2 || 9 ( a; )-g(C))<i> J ,,(x))|| 2 <i 
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This and the inequality | A |< c 5( o( d_1 ' 9a ( see the end of the introduction) 
imply that J2neA\b I b(N,j 7 f3) | 2 < j. Therefore using the Parseval equality, 
we obtain 

E \ KN,3,P)\ 2 >\, £ \b(N,j,f3)f>\. 
ngA NeAnB 

Now to prove the lemma we show that there exists N E A n B satisfying (Hi) . 
Assume the converse, that is, assume that the condition (Hi) does not hold for 
all N G AOB . Then using the Bessel inequality, and the last inequalities we get 
the contradiction \ < ^NeAnB I K^j,0) | 2 < ^ YZ i EncA I p^) | 2 

-i 2m 2^i=l II ||h ( || 11—2- " 

Theorem 3 For every eigenvalue \j^(v,r) of L t (q s (x)) such that 

<3 + t + (j + v)S e V s (p ai ) there exists an eigenvalue Ajy , denoted by 
A N (X jifj (v,T)), of L t (q(x)) satisfying 

A N (X^(v, r)) = \j,p(v, t) + 0(p-« 2 ). (88) 

Proof. By Lemma 7 there is an eigenvalue A^ satisfying (i)-(iii) for 



, . , \- A(j,l3,j\p)A{j\l3\j\IP)<i>r,p{x) 

(j2,l3 2 )£Q(p a ,9r 2 ) 

where i = 1, 2, m; m = pi — 1. Since /?i ^ 0, the inequality (83) and condition 
(i) of lemma 7 yield (78). Hence, in brief notations a = Xjjj, z = Xj+j 1 jj+p 11 
we have | A^ — a |< 2M, | z — a |> |p Q2 . Using the relations 

A w -z ^ (z-a)* " ^ (z-aY ^ ; 

and pia 2 > pa we see that formula (80) can be written as 



m h 
(A N - \j,p)b(N,j, 0, ) = jyA N - af-^N, pj^) || hi || +0(p-n- 

Dividing both sides by b(N 7 j,(3), using (ii), (Hi) of lemma 7, and the obvious 
inequality pa — \(d — l)qa > ct2 ( see the third inequality in (15) and the 
definitions of k\,a, ct2 in the end of introduction), we get 

m 

| (A N - Xj.ji) |< (2m)* ^|A^a I^H || +0(p-^) (89) 

i=l 

On the other hand the inequalities (71) and (84) imply that j| hi \\= 0(p~ a ' 2 ). 
Therefore (89) and | Ajy — a |< 2M, yield the proof of the theorem ■ 
It follow from formulas (82), (84), and (88) that 

I A N (X j .j 3 ) - \ jk pk(v,T) \>c(f3 k lP ) 1 Vv(i3)eW(p), (90) 
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where (j k , k ) e Q(p a , 9r k ), k = 1, 2, ...,p - 1; c(/3 fe ,p) = (lnp)- 1 when = /?, 
j fe 7^ j and c([3 k , p) = \p a2 when 7^ 0. We iterated (76) one time and got 
(80) from which the formula (88) is obtained. Now to obtain the asymptotic 
formulas of the arbitrary order for An we repeat this iteration 2p x times as 
follows. Since | 38 |< n ( see (51)), (j u 0i) e Q(p a , 9n), (j 2 , ft) € Q(p Q ,9r 2 ) 
(see (80)) and j 2 = j+ji+32 (see definition of j 2 in (77)), we have | j 2 S |< 10r 2 . 
Therefore in (75) interchanging j ,0,r, and j 2 ,0 2 , 10r 2 and using the notations 
r3 = 10r 2 , j 3 = j 2 + js, 3 = 2 + 03 ( see Lemma 6), we obtain 

(A* - A, 2!/32 )6(iV,j 2 ,/? 2 ) = 0(p-n + 

2 KN,j*,/P)A(j*,0*,j 3 ,(P). (91) 

(j 3 ,03)£Q(p°',9r 3 ) 

Dividing both side of (91) by An — ^j 2 ,p 2 and using (90), we get 
b(N,j 2 ,0 2 ) = O(p-" a (c(0 2 ,p))- 1 )+ 

y b(N,f,F)A(j 2 ,[3 2 ,f,F) ^ (Q2) 



0'3,/33)eQ(p a ,9r 3 ) 



for {j 2 ,0 2 ) 7^ (j, /?). In the same way we obtain 

b{N,j k ,0 k ) = O{p-* a {c(j3 k ,p))- 1 )+ 

y KN, j k+1 , k+1 )A(j k , k J k+1 , k+1 ) 

Vk+i,Pk+i)eQ(p a ,9r k+1 ) J - p 

for (j k , (3 k ) 7^ (j, 0), fc = 3, 4, .... Now we isolate the terms in the right-hand side 
of (80) with multiplicand b(N,j,0) , i.e., the case (j 2 ,0 2 ) = {j,0), and replace 
b(N,j 2 ,0 2 ) in (80) by the right-hand side of (92) when (j 2 , 2 ) ^ (j, 0) and use 
(78), (90) to get 

(AN-X j , l3 )b(N,j,p)=S' 1 (A N ,X j ^))b(N,j,p) + 0(p-P a )+ (94) 
fcft)i«,9 ri ), (Ajv-A^^XAjv-A^) 

02,/32)GQ(p Q ,9r 2 ),(i 2 ,/3 2 )#0',/3) 

where 

A(j, 0, 3 + 31 ,0 + 0i )A(j + 31 ,0 + 0i,j, 0) 



S[(A N ,\j,p)= ^2 



(95) 

The formula (94) is the two times iteration of (76). Repeating these process 2pi 
times, i.e., in (94) isolating the terms with multiplicand b(N,j, 0) (i.e., the case 
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U 3 iP 3 ) = and replacing b(N, j 3 ,/3 3 ) by the right-hand side of (93) (for 

k = 3) when (j 3 ,f3 a ) ^ (j,f3) etc., we obtain 

2pi 

(A N - \j t p)b(N,j, (3) = S k (A N , X jifi ))b(N,j,0) + C' 2pi + 0{jT^), (96) 
k=i 

where 

7=1 ( A N-*j*,f)*) 

k A( i i ^ 1 i* ft 1 } 

g fc = E(II ?A x \ - )A{j k p\j k +\^)b{N,j k+ \P k+1 ) 
t=i ^ N ~ x i i 3 i ) 

Here j° = j, {3° = (3 and the summation for S' k , and C fe are taken under 
the conditions G Q(p a , 9r;), (f, /?) ^ (J,/3), for i = 2,3,...,fc and for 

i = 2,3, ...,k+ 1 respectively. Since /3fc ^ for every integer k, the relation 
/3i + ... + fa = implies that [3 X + ... + (3 i±1 ^ 0. Hence (3 1 ^ (i. Moreover if 
[3 l — (3, then (3 l±1 ^ (3. Therefore the number of the multiplicands — A^.^i 
in the denominators of S k and C 2pi satisfying | A^iXj^) — Xjipi |> \p a ' 2 ( see 
90) is not less than | and pi respectively. Hence using (71) and pia 2 > pa, we 
obtain 

C' 2pi = 0((p-« 2 lnpD = 0(p-n, S[(A N ,\ j!f3 ) = 0(p- a >), (97) 
S' k (A N , \j t p) = 0((p- a * lnp)*),Vfc - 2,3, ...,2 Pl . 

To prove this estimation we used (90). Moreover, if a real number a satisfies 
| a — \j t p |< (hip) -1 then, by (82), (84) we have | a — Xjk t pk(v,r) |> c((3 k ,p). 
Therefore using this instead of (90) and repeating the proof of (97) we obtain 

S[(a,X ji0 )=O(p- a *),S' k (a,X j , ) = O(p- a Hnp) k '),Vk = 2,3,...,2 Pl . (98) 

Theorem 4 For every eigenvalue Xj^(v,r) of the operator L t (q s (x)) such that 
/3 + t+ (j + v)5 € V s (p ai ), v(fi) e W{p) there exists an eigenvalue Am, denoted 
by A]sr(Xj i p(v, r)), of L t (q(x)) satisfying the formulas 

A N (X jtP (v,T)) = X 3 Av,r) + Ek-iiXj,?) + 0(p- ka2 (\np) 2k ), (99) 

where E = 0, E s = J2k=i S 'k( A j,/3 + E s-i,^j,p), for s = 1, 2, ... , and 

S fc _ 1 (A Ji/3 ) = 0(p- a2 (lnp)), (100) 

for k = 1,2,..., [i(p- ig(d-l)] 

Proof. The proof of this Theorem is similar to the proof of Theorem 1 (a) . 
By Theorem 3 formula (99) for the case k = 1 is proved and E = 0. Hence 
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(100) for k = 1 is also proved. The proof of (100), for arbitrary k, follows from 

(98) and the definition of E s by induction. Now we prove (99) by induction. 

Assume that (99) is true for k — s < [\{p — \q{d — 1)] ,i.e., 

Ajy = Xjp + E s _i + 0(p~ sa2 (In p) )). Putting this expression for Ajy into 
Efe=i S' k (A N , dividing both sides of (96) by b(N, j, (3), using (97), (98), 

condition (ii) of Lemma 7 and the equality a 2 = 9a, we get 

A;v = X,j3 + E^i S' k {\ jt p + E.- X + O(^), \j t p) + 0(p-^-i^-^) 

= Oip-te-M*- 1 "*') + X j<p + £ S' k (\ lj3 + E a - U \i,fj)+ 

fe=i 

2pi 2pi 

{E S '^P + E °-i + °^ Sa ' 2 (lnp) 2s ), A jl/3 ) - ]T + A^)}. 

fe=i fe=i 

To prove (99) for k = s + 1 we need to show that the expression in the curly 
brackets is equal to 0((p~( s+1 ^ a2 (\np) 2s+1 ). This can be checked by using the 
estimations (71), (100), (82), (84) and the obvious relation 

1 1 



nr=i(A J -,/9 + + o( P -^(^p) 2s ) - ^,0*) nr=i(^,/3 + ^-i - a^o 
i i 



~ nr=i(^,/3 - A^O'l + 0(p- SQ2 (lnp) 2 Mnp) 

= 0(/H s+1 ) a2 (lnp) 2 ( 5+1 )) for all n = l,2,...,2 Pl . The theorem is proved ■ 

Remark 4 Here we note some properties of the known parts Xj^ + E k (see 
(99)), where Xj.p = pj(v)+ \ (3 + t | 2 ( see Lemma 2(b)), of the eigenvalues of 
L t (q(x)). We prove the equality 

9(%M^ + rP)) = ^ h 

/or i = l,2,...,d- 1, w/iere r = (n, t 2 , r d _i), fc = 1, 2, - ^(d - 1)], 
ami v(/3) G IT(p). To prove (101) for k = 1 we calculate the derivatives of the 
expression H((3 k , t) = (pj+ \ (3 + t \ 2 —fj,jk — \ (3 k + r | 2 ) -1 . /Since pj,and p,j> 
do not depend on n, the function H((3 k , t) for [3 k — (3 do not depend on n and 
it follows from Lemma 3(b) that H([3,t) = OiYnp). For (3 k ^ (3 using (84), and 
equality \ (3 k — (3 | = | (3\ + f3i... + f3{ \= 0(p a ) (see last inequality in (81)) we 
obtain that the derivatives of H(f3 k ,r) is equal to 0(p~ 2a ' 2+a ). Therefore using 
(71) and the definition of E\(Xj^) ( see (99) and (96)), by direct calculation, 
we get (101) for k = 1. Now suppose that (101) holds for k = s — 1. Using this, 
replacing pj+ | (3 + r | 2 by pj+ \ j3 + r | 2 +-E s _i in H((3 k ,t), arguing as above 
we get (101) for k = s. 
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4 Asymptotic Formulas for the Bloch Functions 

In this section using the asymptotic formulas for the eigenvalues and the sim- 
plicity conditions (12), (13), we prove the asymptotic formulas for the Bloch 
functions with a quasimomentum of the simple set B. 

Theorem 5 If 7 +t € B , then there exists a unique eigenvalue Ajv(i) satisfying 
(5) for k — 1,2, [|], where p is defined in (3). This is a simple eigenvalue 
and the corresponding eigenfunction ^N,t( x ) of L(q(x)) satisfies (10) if 
q(x) e W°°(F), where s = 2±J.(3 d + d + 2) + \d3 d + d + 6. 

Proof. By Theorem 1(b) if 7 + t G B C U(p ai ,p), then there exists an 
eigenvalue Ajv(i) satisfying (5) for k = 1, 2, — \q{d — 1))]. Since 

k\ — [^] + 2 < i(p — — 1)) (see the third inequality in (15)) formula 
(5) holds for k — k\. Therefore using (5), the relation ik\a > d + 2a ( see 
the fifth inequality in (15)), and notations F(j + t) =| 7 + t | 2 +Ffc 1 _i(7 + t), 
E\ = p- d - 2a ( see Step 1 in introduction), we obtain 

A N (t) =F(7 + *) + o(ei). (102) 

Let be any normalized eigenfunction corresponding to A at. Since the nor- 
malized eigenfunction is defined up to constant of modulus 1, without loss of 
generality it can assumed that &rgb(N, 7) = 0, where b(N,^) — N , e^ 1+t ' x ^). 
Therefore to prove (10) it suffices to show that (14) holds. To prove (14) first 
we estimate J^y^K I H-^,7') | 2and tncn XVe/AM I b ( N ^') ?, where K is 
defined in (12), (13). Using (102), the definition of K, and (16), we get 

I Ajy- | 7 '+* | 2 |> \p a \ V-y'$K, (103) 
I Wl') | 2 HI q{x)*N II 2 0(p- 2Ql ) = 0(p- 2Q1 )- 

If 7 € if , then by (102) and by definition of K, it follows that 

\A N -\^ +t\ 2 \<^ (104) 
Now we prove that the simplicity conditions (12), (13) imply 

\b(N, 7 ') \<c 4 p- ca , V 7 'e%}, (105) 

where c — p — dq — \d'5 d — 3. The conditions 7 E K, j + 1 E B and (24) imply 
the inclusion 7' + t e R(%p)\R(±p). If for 7' + t € U(p ai ,p) and 7' e Ar\{ 7 } 
the inequality in (105) is not true, then by (104) and Theorem 1(a), we have 

A N =| 7' + * I 2 +^-1(7' + *) + 0(p- 3fett ) (106) 
for fc = 1,2, - c)] = [±(dg + ±d3 d + 3)]. Since a = ± and 
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fci = + 2 < \(dq + ±d3 d + 3), the formula (106) holds for k = h. 
Therefore arguing as in the prove of (102), we get An — F(j +t) = o(s\). This 
with (102) contradicts (12). Similarly, if the inequality in (105) does not hold 
for 7' + 1 E (E k \E k+1 ) and 7' G K, then by Theorem 2(a) 

A N = A,( 7 ' + 1) + 0(p- (p - c -i d3 ^ a ), (107) 

where (p — c — jd3 d )a = (dq + 3)a > d + 2a . Hence we have 

Ajy — Aj(7 +t) = o(ei). This with (102) contradicts (13). So the inequality 
in (105) holds. Therefore, using | K |= 0(p d ^ 1 ), qa = 1, we get 

]T I b(N, 7 ') | 2 = 0(p-( 2c -9( d - 1 ))«) = ( /9 -(2 P -(3d-l) 9 -i d 3 d -6) Q ^ (1Q8) 

7 'eiA{ 7 } 

If s — s , that is, p = s — d, then 2p — (3d — l)q — \d3 d — 6 = 6. Since a\ — 3a, 
the equality (108) and the equality in (103) imply (14). Thus we proved that 
the equality (10) holds for any normalized cigenfunction ^ n corresponding to 
any eigenvalue An satisfying (5). If there exist two different eigenvalues or 
multiple eigenvalue satisfying (5), then there exist two orthogonal normalized 
eigenfunction satisfying (10), which is impossible. Therefore An is a simple 
eigenvalue. It follows from Theorem 1(a) that An satisfies (5) for k = 1,2, [|], 
since the inequality (7) holds for c = ( see (10)). ■ 

Remark 5 Since for -f + t e B there exists a unique eigenvalue satisfying (5), 
(102) we denote this eigenvalue by A(7 + i). Since this eigenvalue is simple, 
we denote the corresponding eigenfunction by \l/ 7 +t(a;). By Theorem 5 this 
eigenfunction satisfies (10). Clearly, for 7 + there exists a unique index 

N = iV(7 + t) such that A(7 + t) = A N (-y+t)) and ^ J+ t(x) = ^ N(-y+t)( x ))- 

Now we prove the asymptotic formulas of arbitrary order for fy J+t (x). 

Theorem 6 If "f + t G B, then the eigenfunction \E' 7 +t(a;) = N(~{+t)i x ) corre- 
sponding to the eigenvalue An = A(7 + t) satisfies formulas (11), for 
k = l,2, ...,n, where n = [\{2p - {3d - l)q - \d3 d - 6)], 

a P i (7+*+7i,z) 

**'-** ( ' ) -X,<H^-| T + » + <FV ^ 

and <f>fc_i(a;) for k > 2 is a linear combination o/e t( - 7+t+7 for 
7' € T((k - l)p a ) U {0} with coefficients (114), (115). 

Proof. By Theorem 5, formula (11) for k = 1 is proved. To prove formula 
(11) for arbitrary k < n we prove the following equivalent relations 

]T \b{N, 1 + 1 ')\ 2 =0(p- 2k ^), (109) 
T 'er<=(fe-i) 

y N = b(N, 1 )e^> +t ^+ Yl &(^7 + 7> 4(7+t+7 '^ +H k (x), (110) 
7 'er((fc-i) P =) 



30 



where T c {m) = T\(T{mp a ) U {0}) and || H k (x) \\= 0{p~ kai ). The case k = 1 
is proved due to (14). Assume that (109) is true for k — m . Then us- 
ing (110) for k = m, and (3), we have V N (x)(q(x)) = H{x) + 0{p- mai ), 

where H{x) is a linear combination of e^ 7+t+7 ^ for 7 G T(mp a ) U{0}. Hence 

(H(x),e i ( r ' +t+r ''' x '>) = for 7' G T c (m). So using (16) and (103), we get 

E I + 7 ) l 2 = E I ( t.|,; y+t | 2 } l 2= 0(p- a( ^). (HI) 

7' 7' 

where the summation is taken under conditions 7 G T c (m), 7 + 7 ^ if . On the 
other hand, using ai = 3a, (108), and the definition of n, we obtain 

E \KN, 7 ') | 2 = 0(p- 2na >). 

i'eK\{j} 

This with (111) implies (109) for k = m + 1. Thus (110) is also proved. Here 
b(N, 7) and b(N,j + 7 ) for 7 G T((n — l)p a ) can be calculated as follows. 
First we express b(N, 7 + 7 ) by b(N,j). For this we apply (18) for b(N, 7 + 7 ), 
where 7 G T((n — l)p Q ), that is, in (18) replace 7 by 7 + 7 . Iterate it n times 
and every times isolate the terms with multiplicand b(N, 7). In other word apply 
(18) for b(N, 7 + 7 ) and isolate the terms with multiplicand b(N, 7). Then apply 
(18) for b(N, 7 + 7 — 71) when 7 — 71 7^ 0. Then apply (18) for 

b(N, 7 + 7' - Yh-i 7i) when 7' - Ei=i 7« 7^ 0, etc. Apply (18) for 
6(JV, 7 + 7' - X)i=i 7i) when 7' - J2Ui Ji 0, where 7; G T(p a ), 
j = 3, 4, n — 1. Then using (4) and the relations 

I An— I 7 + i + 7 — J2l=i 7« | 2 |> \p ai ( see (20) and take into account that 
7' - ELi 7* G r( W Q ), since p > 2n), Ajv = P{l + t) + 0(p- na ^), where 
P(7 + t) =| 7 + 1 | 2 +-F[f](7 + *) ( see Theorem 5), we obtain 

n-l 

b(N, 7 + 7') = E Ml')HN, 7) + 0(p-" Ql ), (112) 
fe=i 

where 

. / '\ ^7' ^7' yO/ 1 ^ 

l(7)= P(7 + i)-|7 + 7'+M 2 = l7 + <l 2 -|7 + 7'+^l 2+ ^ 



E iA 1 ( 7 *)i 2 =o(p- 2ai ), E \A k (r)\=o( P -^) 

7 *er((n-i)p«) 7 *er((«-i)p°) 

(113) 
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for k > 1. Now from (110) for k — n and (112), we obtain 
V N (x) = b(N,7)e i ^ +t < x '> + 

n-1 

£ £(^(7* W 7 ) + 0(p- n ^))e^ +t +^^) + H n (x). 
7 *er((n-i)^) fe=i 

Using the equalities || ^ N \\= 1, arg6(7V,7) = 0, || H n \\= 0(p~ nai ) and taking 
into account that the functions e l( '> +t ' x \ H n {x), e^+t+TV), (y e r((n-l)p Q )) 
are orthogonal, we get 

1 =| b(N,7) I 2 +E^i 1 (E 7 . e r (( n-i)^) I A k (r)b(N, 7 ) | 2 +0(p-«^)). 

n-1 

6(JV,7) = (1 + E( £ l^fflltHOr 1 )) (114) 
fe=i 7 » e r((n-i) P °) 

(see the second equality in (113)). Thus from (112), we obtain 

n— 1 n— 1 

b(N, 7 + 1 ') = (5>fe(7'))(l + ££ I W) l 2 )^ +0(p- Ql ). (115) 

fe=l k=l 7* 

Consider the case n = 2. By (114), (113), (115) we have b(N, 7) = l + 0(p~ 2Ql ), 

6W7 + V) =^i(7) + 0(p- 2Q1 ) = 1 —rT- 2 | 7 ' 7 r~r , 2 +Q(p- 2ai ) 

l7 + *l l7 + 7 + i I 

for all 7 € r(p Q ). These and (110) for fc = 2 imply the formula for $1 ■ 

5 Simple Sets and Isoenergetic Surfaces 

In this section we consider the simple sets B and construct a big part of the 
isoenergetic surfaces corresponding to p 2 for big p. The isoenergetic surfaces of 
L(q) corresponding to p 2 is the set I p {q(x)) = {t e F* : 3N,k^{t) = p 2 }. In the 
case q(x) = the isoenergetic surface I p (0) = {t e F* : 3j e T, | 7 + 1 \ 2 = p 2 } 
is the translation of the sphere 

B{p) = {7 + * : i e F*, 7 e T, I 7 + t | 2 = p 2 } by the vectors 7 e T. We call 
B{p) the translated isoenergetic surfaces of L(0) corresponding to p 2 . Similarly, 
we call the sets P p = {7 + i : A (7 + i) = p 2 } and 

Pp = {t £ F* : 3 7 e T, A( 7 + i) = p 2 }, where A( 7 + i) = A W ( 7+t) (t) is de- 
fined in Remark 5, the parts of translated isoenergetic surfaces and isoenergetic 
surfaces of L(q). In this section we construct the subsets I and I of P p and 

P p respectively and prove that the measures of these subsets are asymptotically 
equal to the measure of the isoenergetic surfaces I p (0) of L(0). In other word 
we construct a big part (in some sense) of isoenergetic surfaces I p (q(x)) of L(q). 
As we see below the set I is a translation of I by vectors 7 <G T to F* and the 
set I lies in e nicghborhood of the surface S p — {x e U(2p ai ,p) : F(x) = p 2 }, 
where F(x) is defined in Step 1 of introduction. Due to (102) it is natural to call 
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Sp the approximated isocnergetic surfaces in the non-resonance domain. Here 
we construct a part of the simple set B in nicghborhood of S p that contains I . 
For this we consider the surface S p . As we noted in introduction ( see Step 2 
and (12)) the non-resonance eigenvalue A(7 + t) does not coincide with other 
non-resonance eigenvalue A(7 + t + b) if | F(-f + t) — F(y + t + b) |> 2ei for 
7 + t + b G U(p ai ,p) and b G T\{0}. Therefore we eliminate 

P b = {x : x,x + b e U{p ai ,p),\ F(x) ~ F(x + b) |< 3ei} (116) 

for b G T\{0} from S p . Denote the remaining part of S p by S p . Then we consider 
the s neighbourhood U £ (S' p ) = U aeS > U £ (a)} of S p , 

where e = y*, U s (a) = {x G R d :| x — a |< e}. In this set the first simplicity 
condition (12) holds (see Lemma 8(a)). Denote by 

Tr{E) = {7 + x G U E {S' p ) : 7 G T, x G E} and 

Tr F * (E) = {7 + x G i^* : 7 G T, .t G E} the translations of E C R d into 
U E (S p ) and F* respectively. In order that the second simplicity condition (13) 
holds, we discard from U £ (S p ) the translation Tr(A(p)) of 

^(p) = utl(U 7l , 72 ,..., 7fce r(pp")(U^ 1 ^ M (7i,72,...,7fc))), (117) 
where ^(71, ...,7 fc ) = 

{x G (n* =1 Y rt (pP*)\E k+1 ) n if p : A,(x) G ( P 2 - 3 £l ,p 2 + 3ei)}, 
Xi(x), bk is defined in Theorem 2 and 

^-{xGM^Ha;! 2 -p 2 \< p ai }. (118) 

As a result we construct the part U £ (S p )\Tr(A(p)) of the simple set B (see 
Theorem 7(a)) which contains the set I p (see Theorem 7(c)). For this we need 
the following lemma. 

Lemma 8 (a) If x G U £ (S p ) and x + b G U(p ai ,p), where b G T, iften 

I F(x) -F(x + 6) |> 2ei, (119) 

w/iere e = fy, El = p"^ 2 ", F(x) =| x \ 2 +F kl _ 1 (x), h = [£} + 2, hence for 
7 + t G U £ (S p ) the simplicity condition (12) holds. 

(b) Ifxe U £ (S' p ), then x + b(£ U £ {S' p ) for all b G T . 

(c) If E is a bounded subset ofM. d , then p,(Tr(E)) < p(E). 

(d) If Ed U £ {S' p ), then p(Tr F *(E)) = p(E). 

Proof, (a) If x G U £ (S p ), then there exists a point a in S such that 
x G U £ (a). Since S p n Pb = ( see (116) and the definition of S p ), we have 

I F(a) -F(a + b) \> 3e x (120) 

On the other hand, using (44) and the obvious relations 
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I x I < p + 1, I a; — a | < £, + 6 — a — 6 | < e, we obtain 

| F(x) - F(a) |< 3pe, | F(x + b) - F(a + b) |< 3pe (121) 

These inequalities together with (120) give (119), since 6pe < e\. 

(b) If x and x + b lie in U £ (S p ), then there exist points a and c in S p such 
that a: € U e {a) and .t + 6 e U s (c). Repeating the proof of (121), we get 

| F(c) — F(x + b) \< 3pe. This, the first inequality in (121), and the relations 
F(a) = p 2 , F(c) = p 2 (see the definition of S p ) give 
| F{x) — F(x + b) |< S\, which contradicts (119). 

(c) Clearly, for any bounded set E there exist only a finite number of vectors 
7i,72,-,7« such that E{k) = (E + j k ) n U s (S' p ) ^ for k = 1,2, ...,s and 
Tr(E) is the union of the sets E(k). For E(k) — 7fe we have the relations 
p{E{k) - 7fe ) = it{E{k)), E{k) - Ti c£ Moreover, by (6) 

- 7fe) n (E(j) - 7j) = for k ^ j. Therefore (c) is true. 

(d) Now let E C U s (S p ). Then by (6) the set E can be divided into a finite 
number of the pairwise disjoint sets E\, E2, E n such that there exist the 
vectors 71,72, ■■•,7« satisfying (E k + Jk) C F*, (F fc + 7fe) n (Fj + 7,-) 7^ for 
k,j = 1, 2, n and fc 7^ j. Using p(E k + Jk) = l^(Ek), we get the proof of (d), 
since Trp* (E) and E are union of the pairwise disjoint sets E k + jk and E k for 
k = 1,2, ...,n respectively ■ 

Theorem 7 (a) 77ie set U E (S p )\Tr(A(p)) is a subset of B. For every con- 
nected open subset E of U e (S p )\Tr(A(p) there exists a unique index N such 
that Ajv(t) = A(7 + t) for ) + where A(7 + t) is defined in Remark 5. 

Moreover, 

^-A( 7 + t) = ^- \ 1 + t\ 2 +0(p 1 - 2 ^)yj = l,2,...,d. (122) 

(b) For the part V p = S p \U e (Tr(A(p))) of the approximated isoenergetic 
surface S p the following holds 

p(V p )>(l-c 15 p- a ))p(B(p)). (123) 

Moreover, U e (V p ) lies in the subset U e (S p )\Tr(A(p)) of the simple set B. 

(c) The isoenergetic surface I(p) contains the set I p , which consists of the 
smooth surfaces and has the measure 

M-0 - MOO > (1 - c wp - a )p(B(p)), (124) 

where I p is a part of the translated isoenergetic surfaces of L(q), which is con- 
tained in the subset U e (S p )\Tr(A(pj) of the simple set B. In particular the 
number p 2 for p 3> 1 lies in the spectrum of L(q), that is, the number of 
the gaps in the spectrum of L(q) is finite, where q(x) € W2°(J& d /Q), d > 2, 
s = M=l (3d + d + 2) + jd3 d + d + 6, and is an arbitrary lattice. 
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Proof, (a) To prove that U e (S p )\Tr(A(p)) C B we need to show that for 
each point 7 + t of U E (S p )\Tr(A(p)) the simplicity conditions (12), (13) hold 
and U £ (S' p )\Tr(A(p)) C U{p a \p). By Lemma 8(a), the condition (12) holds. 

Now we prove that (13) holds too. Since 7 + t E U e (S ), there exists a G S 
such that 7 + 1 G U £ (a). The inequality (121) and equality F(a) = p 2 imply 

F( 7 + i)e (p 2 -£i,p 2 + £i) (125) 

for 7 + t G U e (S' ). On the other hand 7 + 1 ^ Tr(A(p)). It means that for any 

7 £ T, we have 7 +t ^ -A(p)- If 7 G AT and 7 +t E Ek\Ek+i, then by definition 
of AT ( see introduction) the inequality | F(-y + t)— | 7 +t | 2 |< holds. This 
and (125) imply that 7' + t E (E k \E k+1 ) K p ( see (118) for the definition of 
K p ). Since 7' + t £ A(p), we have A* (7' + t) £ (p 2 - 3ei,p 2 + 3ei) for 7' G K 
and 7 + i G Ek\Ek+\. Therefore (13) follows from (125). Moreover, it is clear 
that the inclusion S p C U(2p ai ,p) ( see definition of S p and S p ) implies that 
U e (S' p ) C U{p a \p). Thus U £ (S' p )\Tr(A(p)) C S. 

Now let -E 1 be a connected open subset of U e (S p )\Tr(A(p) C -B. By Theorem 
5 and Remark 5 for a E E C U e (S p )\Tr{A(p) there exists a unique index iV(a) 

such that A(a) = A JV(a) (a), *„(*) = **(„),„(*), I (*jv(o),a(*), e i(a ' x) ) | 2 > | 
and A(a) is a simple eigenvalue. On the other hand, for fixed N the functions 
Ajv(t) and (^N,t(x), e*(*' x )) are continuous in a neighborhood of a if Ajv(a) is 
a simple eigenvalue. Therefore for each a E E there exists a neighborhood 
U{a) cEofa such that | N(a) , y (x), e^^) | 2 > §, for y G Ufa). Since for 
y E E there is a unique integer AT(j/) satisfying | N ^ y (x), e^ y ' x ^) | 2 > |, we 
have N(y) = N(a) for y E U(a). Hence we proved that 

Va G E,3U(a) C £ : = N(a),Vy E U(a). (126) 

Now let ai and 02 be two points of E , and let C C .E be the arc that joins 
these points. Let U(yi), (2/2 ) , • ••> U(yk) be a finite subcover of the open cover 
U a ecU(a) of the compact C, where U(a) is the neighborhood of a satisfying 
(126). By (126), we have N(y) = N{ Vi ) = N t for y G U{ Vl ). Clearly, if 

U(yi) n U(yj) ^ 0, then N, t = N(z) = Nj, where z E U{yi) n Ufj/j). Thus 
A^i = N2 = ... = Nk and N(ai) = N(a,2). 

To calculate the partial derivatives of the function A(-f + t) = Ajv(i) we write 
the operator L t in the form — A — (2it, V) + (t, t). Then, it is clear that 

d 

2tj($ N , t (x), $ N ,t(x)) - 2s(^-$jViW, $N,t(x)), (127) 

^K^.7')e i(7 ' ,x) , (128) 
7'er 

where <&N,t(x) — e~^ t,x ^ N.t{x). If | 7 |> 2p, then using 

A^v = A(7 + t) = p 2 + 0(p~ a ), ( see (102), (125)), and the obvious inequality 



5^ 



$iv,t(ar) 
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I Aat- I 7 - 71 - 72 - ... - 7fe + t | 2 |> ci 7 | 7 | 2 for fc = 0, 1, ...,p, 
where | 7i |< ^ | 7 |, and iterating (18) p times by using the decomposition 

= E b ,i<iivi 9i. e ' h '"" + 0(1 V l" p ). » e e et 

71>72l ... llj=o( A JV- I 7 -E'=i7« + t| 2 ) 
6(AT, 7 ') = 0(|7' V| 7 ' |>2p (130) 
By (130) the series in (128) can be differentiated term by term. Hence 

-i{£;*N,t,*N,t) = E I | 2 = TO") I 6(^,7) I 2 +Si + S 2 , (131) 

3 7 'er 

where S : = E| 7 '|> 2p 7(j) I b(N,>r') | 2 , S 2 = £| 7 '|<2,, 7 V 7 7(7) I K^V) I 2 • 

By (14), E 2 = 0(p- 2 « 1+1 ), 7 (i) I &(JV,7) I 2 - 7(i)(l + O(p- 2 «0, and by 
(130), £1 = 0(p~ 2ai ). Therefore (127) and (131) imply (122). 

(b) To prove the inclusion U e {V p ) C U S (S )\Tr(A(p)) we need to show that 
if a e Vp, then C/ e (a) C U £ (S' p )\Tr(A(p)). This is clear, since the relations 
a G V p C S' p imply that U e (a) C f/ e (Sp) and the relation a g U £ {Tr(A(p))) 
implies that U £ (a) C\Tr(A(p)) = 0. To prove (123) first we estimate the measure 
of S p , S p , U2s(A(p)), namely we prove 

p(S p )>(l-c 18 p- a )KB(p)), (132) 
p(S' p )>(l-c 19 p- a )p(B(p)), (133) 
p(U 2E (A(p))) = 0(p- a )p(B(p))e (134) 

( see below, Estimations 1, 2, 3). The estimation (123) of the measure of the 
set V p is done in Estimation 4 by using Estimations 1, 2, 3. 

(c) In Estimation 5 we prove the formula (124). The Theorem is proved ■ 
In Estimations 1-5 we use the notations: G(+i, a) — {x G G, X{ > a}, 

G(—i, a) = {x G G,Xi < —ft}, where x — (xi, X2, xj), a > 0. It is not hard to 
verify that for any subset G of U £ (S p ) U U2 £ (A(p)) , that is, for all considered 
sets G in these estimations, and for any x G G the followings hold 

p-K\x\< p+1, Gc (uti(G(+i,pd- 1 )UG(-z,prf- 1 )) (135) 

Indeed, if x G S p , then F(x) = p 2 and by definition of F(x) ( see Lemma 8) 
and (24) we have | x \= p+ 0(p~ 1 ~ ai ). Hence the inequalities in (135) hold for 
x G U e (S' p ). If x e A(p), then by definition of A(p) ( sec (117), (118)), we have 
x G K p , and hence | x |= p + 0(p~ 1+ai ). Thus the inequalities in (135) hold 
for x G U2 £ (A(pj) too. The inclusion in (135) follows from these inequalities. 

If G C S p , then by (44) we have > for x G G(+k,p- a ). Therefore 

to calculate the measure of G(+k, a) for a > p~ a we use the formula 

/dF 
("g^y 1 I 9 rad ( F ) I dxi...dxk-idxk+i-dxd, (136) 

Pr fc (G(+fc,a)) 
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where Pr fe (G) = {(x 1 ,x 2 , ...,x k -i,x k+1 ,x k+2 , — ,Xd) ■ x £ G} is the projection 
of G on the hyperplane x k = 0. Instead of Prfc(G) we write Pr(G) if k is 
unambiguous. If D is to— dimensional subset of W n , then to estimate p(D), we 
use the formula 

fj,(D)= J fj,(D(xi,...Xk-i,Xk+i,...,x m ))dx 1 ...dxk-idxk+i-dx m , (137) 

Pr fc (D) 

where D(xi, ...x fe _i, Xfc+i, ...,x m ) = {x k : (xi,x 2 , -,x m ) £ D}. 

ESTIMATION 1. Here we prove (132) by using (136). During this estima- 
tion the set S p is redenoted by G. First we estimate /z(G(+l,a)) for a = p x ~ a 
by using (136) for k = 1 and the relations 

flF r)F n 

JfT > P (7^) I 9rad(F) \= P 2 + 0(p~ a ), (138) 

oxi ax\ y/ p 2 - xi - xi - ... - xj 



Pr(G(+l, a)) D Pr(A(+l, 2a)), (139) 

where x £ G(+l,a), A = B{p) n U(3p ai ,p). Here (138) follows from (44), (24), 
and the definitions of F(x), S p . Now we prove (139). If 

(x 2 , ...,Xd) £ Pri(A(+l, 2a)), then by definition of A(+l, 2a) there exists x\ 
such that 

x x > 2a = 2P 1 -", x 2 +x 2 + ... +x 2 d = p 2 , | ^{2x t b t - bj) \> 3p ai (140) 

i>l 

for all (6i, 62, bd) £ T(pp a ). Therefore for h = p~ a we have 

(xi + h) 2 + x\ + ... + x\ > p 2 + p~ a , (xi - h) 2 +x 2 2 + ... + x\ < p 2 - p~ a . 
This and (24) give F(x\ + h, X2, Xd) > p 2 , F(xi — h, X2, Xd) < p 2 ■ Since 
F is a continuous function there is y\ £ {x\ — h,x\ + h) such that (see (140)) 

Vl > a, F( Vl , x 2 , ...,x d ) = p 2 , 1 2y 1 b 1 - b\ + ^(2xA - b 2 ) |> p" 1 , (141) 

i>2 

since the expression under the absolute value in (141) differ from the expression 
under the absolute value in (140) by 2(y 1 — Xi)b\, where \ yi — X\ \< h = p~ a , 
I 61 |< pp a , I 2(y 1 - x 1 )b 1 \< 2pp 2a < p ai . The relations in (141) means that 
(x 2 ,...,Xd) £ PrG(+l,a). Hence (139) is proved. Now (136), (138), and the 
obvious relation /x(Pr G(+l, a)) = 0(p d ^ 1 ) ( sec (135)) imply that 



p(G(+l,a)) = [ 9 dx 2 dx 3 ...dx d +0(-^)p(B(p)) 

J Jp 2 - xi - xi- ... - xi P a 

Pr(G(+l,o)) V 2 3 d 

> / y= 2 P 2 =dx 2 dx 3 ...dx d -C2op~ a p(B(p)) 

Pr(A(+l,2o)) V J d 

= p(A(+l, 2a)) - c 20 p- a p(B(p)). 
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Similarly, p{G{— l,a)) > p(A(— 1, 2a)) — C20P a fi(B(p)). Now using the inequal- 
ity fi,(G) > a)) + p(G(-l, a)) we get 

/i(G) > p{A(-l,2aj) + fj,(A(+l,2a)) - 2c 20 p^ a p{B(p)). On the other hand 
it follows from the obvious relation 

p({x e B(p) : -2a < x 1 < 2a}) = 0{p- a )p{B(p)) that 

/z(A(-l,2o)) + p(A(+l,2a)) > - c 20 p~ a K B (p))- Therefore 

fj,(G) > (j,(A) - 3c 2 op- a p(B(p)). It implies (132), since 

p(A)) = (1 + 0(p- a ))/i(B(p)) (see (42) ). 

ESTIMATION 2. Here we prove (133). For this we estimate the measure of 
the set SptlPb by using (136). During this estimation the set S p (lPb is redenoted 
by G. We choose the coordinate axis so that the direction of b coincides with 
the direction of (1, 0, 0, 0), i.e., b = (&i, 0, 0, 0) and b\ > 0. It follows from 
the definitions of S p , Pb and F(x) ( see the beginning of this section, (116), and 
Lemma 8(a)) that if (xi,X2, —,Xd) € G, then 

x\+x 2 2 + ...+x 2 d + F kl _ 1 {x) = p 2 , (142) 
(an + 6i) 2 + x\ + x\ + ... + x 2 d + F kl -i(x + b)= p 2 + ft, (143) 

where h e (— 3ei,3ei). Subtracting (142) from (143) and using (24), we get 

(2x 1 +b 1 )b 1 =0(p- ai ). (144) 

This and the inequalities in (135) imply 

|&i|<2p + 3, x 1 = b -l+ O^b- 1 ), | x 2 - (|) 2 |= 0(p-^). (145) 

Consider two cases. Case 1: b e Ii, where Ti = {6 € T :| p 2 - | | | 2 |< 3dp- 2Q! }. 
In this case using the last equality in (145), (142), (24), and taking into account 
that b = (bi, 0, 0, 0), a\ — 3a, we obtain 

x 2 = p 2 + 0(p- 2a ), | X! \=p+ 0{p- 2a - v ),x\ + x 2 + ... + x 2 = 0(p- 2a ). (146) 

Therefore G C G(+l, a)UG(— 1, a), where a = p — p^ 1 . Using (136), the obvious 
relation p(Pri(G(±l, a)) = 0{p~^ d ~ v>a ) (see (146)) and taking into account that 
the expression under the integral in (136) for k = 1 is equal to 1 + 0(p~ a ) (see 
(146)), we get /z(G(±l,a)) = 0{p- {d -^ a ). Thus /z(G) = 0(p-^ d -^ a ). Since 
| Ti |= 0{p d - 1 ), we have 

p(U beri (5 P n P b ) = o^-W-Da+d-i) = {p- a )^B{p)). (147) 
Case 2: | p 2 - | § | 2 |> 3dp- 2 ". Repeating the proof of (146), we get 

d 

\x\-p 2 |> 2rfp- 2Q , x k > dp~ 2a , max | x k |> p" a . (148) 

k=1 k - 2 

ThcrcforeG C U fc > 2 (G(+fc, p~ a )UG(-fc, p~ a )). Now we estimate p(G(+d, p~ a )) 
by using (136). Redenote by D the set Pr d G(+d, p~ a ). If x e G(+d, p~ Q ), then 
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according to (142) and (44) the under integral expression in (136) for k — d is 
0{p 1+a ). Therefore the first equality in 

MOD) = 0(e 1 | b I" 1 p d - 2 ), p(G(+d,p- a )) = 0(p d - 1+a £l | b r 1 ) (149) 

implies the second equality in (149). To prove the first equality in (149) we use 
(137) for m = d — 1 and k — 1 and prove the relations p(Pri D) = 0(p d ~ 2 ), 

n(D(x 2 ,xs,...,x d - 1 )) < 6ei | b I" 1 (150) 

for (x 2 , x%, Xd-i) G Pri D. First relation follows from the inequalities in 
(135)). So we need to prove (150). If x\ e D(x 2} x 3 , Xd-i) then (142) and 
(143) hold. Subtracting (142) from (143), we get 

2xi&i + (6i) 2 + F kl ^(x -b)- F fcl _i(a;) = h, (151) 

where x 2 ,x^, ...,Xd-i are fixed . Hence we have two equations (142) and (151) 
with respect two unknown x\ and x&. Using (44), the implicit function theorem, 
and the inequalities | Xd \> p^ a 1 ai > 2a from (142), we obtain 

Xd ~- t{Xlh d Xl - 2x d + o{p-^+»y {lb2) 

Substituting this in (151), we get 

2x 1 b 1 +bl+F kl ^ 1 (x 1 +b 1 , x 2 , Xd-i, f(x 1 ))-F kl _ 1 (x 1 , ...,x d -i, f) = h. (153) 

Using (44), (152), the first equality in (145), and Xd > p~ a we see that the 
absolute value of the derivative (w.r.t. xi) of the left-hand side of (153) satisfies 
the inequality 

1 2h + o{p-^+ a ) + Q(p- 2ai+a ) :^% : '°^°) ) i> h 

for X\ = ^- + 0(p~ ai ) (sec (145)). Therefore from (153) by implicit function 
theorem, we get | ^ |< 4r . This inequality and relation h G (— 3si, 3si) imply 
(150). Thus (149) is proved. In the same way we get the same estimation for 
G(+k,p- a ) and G(-k,p- a ) for k > 2. Hence 

p(S p n Pb) = 0{p d - 1+a ei | b I" 1 ), for b £ T x . Since | b |< 2p + 3 ( see 
(145)) and e\ = p~ d ~ 2a , taking into account that the number of the vectors of 
T satisfying | b |< 2p + 3 is 0{p d ) 1 we obtain 

p(U Hri (S p nP b )) = 0(p 2d - 1+a e 1 ) = 0{p- a )p{B{p)). This, (147) and (132) 
give the proof of (133). 

ESTIMATION 3. Here we prove (134). Denote U 2 e(A k ^("/ 1 j 2 , -,1k)) by 
G, where 71,72, ■•■,7k € T{pp a ) 1 k <d—l, and A k j is defined in (117). We turn 
the coordinate axis so that 

Span{-f ly -f 2 , ...,7k} = {x = (xi, x 2 , ■■■, x k , 0, 0, 0) : £1, £ 2 , x k € R}. 
Then by (32), we have x„ = O^+C 5 " 1 )") for n < fc, x e G. This, (135), and 

a k + (k — l)a < 1 ( sec the sixth inequality in (15)) give 

G c (U 4>fc (G(+z, pd- 1 ) U G(-i, pd- 1 )), 
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Ai(Pr 4 (G(+i,pO)) = 0( /9 fe ( a <=+( fe - 1 ) Q )+( d - 1 -' £ )) for i > k. Now using this 
and (137) for m = d, we prove that 

A i(G(+«,prf- 1 )) = o(ep k(ak+ ^- 1 ' )a)+(d - 1 - k) ),yi > k. (154) 

For this we redenote by D the set G(+i, pd^ 1 ) and prove that 

p((D(x 1 ,x 2 ,...x l - 1 ,x i+1 ,...x d )) < (42rf 2 +4)e (155) 

for (xi,X2, ...Xi—i,Xi+i, ■■■x c [) € Pri(_D) and i > k. To prove (155) it is sufficient 
to show that if both x = (x\,x%, • Xi, ...Xd) and x = (x\, x 2 , • x i , a^) are 
in D, then | Xi — x i \< (42d 2 + 4)e. Assume the converse. Then 

| Xi — x i \> (42d 2 + 4)e. Without loss of generality it can be assumed that 
x i > Xi. So Xi > Xi > pd^ 1 ( see definition of D). Since x and x lie in the 2e 
neighborhood of Akj, there exist points a and a in Akj such that | x — a |< 2e 
and | a; — a |< 2e. It follows from the definitions of the points X • X j (X 2 ft that 
the following inequalities hold: 

pcT 1 -2e < at < a'i, a' i — a,i> 42d 2 e, (156) 

(a;) 2 -(a J ) 2 >2(pd- 1 -2e)( a ;- aj ), 
|| a s | — | a s ||< 4e, Vs 7^ i. 

On the other hand the inequalities in (135) hold for the points of Afcj , that 
is, we have | a s |< p + 1, | a s |< p + 1. Therefore these inequalities and the 
inequalities in (156) imply || a s | 2 — \ a s | 2 |< 12pe for s^i, and hence 
Es?i II a s | 2 - I al | 2 |< I2dpe < ^pd' 1 ^ - a,), 

|| a | 2 - I a \ 2 \>\ P d- 1 I ai-ail. (157) 

Now using the inequality (46), the obvious relation < 1 ( see the end of the 
introduction), the notations rj(x) = \j(x)— \ x | 2 ( see Remark 2), z\ = Ipe ( 
see Lemma 8(a)), and (157), (156), we get 

I r j( a ) - r j( a ') l< p 5Qd I a - a ' l< \p&~ x I «^ — «i U 

I Aj(o) - A,(a') |>|| a | 2 - I a' | 2 | - I r» - r,(a') |> 
pcT 1 I a- - |> A2dpe > Qe x . 

The obtained inequality | Xj(a) — Xj(a) |> 6ei contradicts with the inclu- 
sions a e ^4fe,j, a e ^4fej, since by definition of Akj ( see (117)) both \j(a) and 
Aj(a ) lie in (p 2 — 3e\,p 2 + 3s\). Thus (155), hence (154) is proved. In the same 
way we get the same formula for G(— i, |). So 

/i(^2e(i4fcj(7i,7S.-.7fc))) = 0(ep fc ( a *+( fc - 1 ) a ) +,, - 1 - fc ). Now taking into ac- 
count that U2e(A(pj) is union of U2 S {Ak,j (71,72, ■■■,7fc) for & = 1,2, ..,d — 1; 
j = 1,2, ...,6 fe (7i,72, ...,7fe), and 71,72, ...,7fc G r (PP") ( see (117)) and using 
that 6^ = 0(p da+ 2«fc+i) ( see (40)) and the number of the vectors (71, 72, 7k) 
for 71,72, ...,7k € r(pp a ) is 0(p dka ), we obtain 

/Li([/2e(^4(p))) = 0(ep da+ ^ «fc+i+ dfea + fe ( a '=+( fe - 1 ) Q: )+ d - 1 -' c ). 
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Therefore to prove (134), it remains to show that 

da + fa/c+i + dka + k(a k + (k — l)a) + d — 1 — k < d — 1 — a or 

k 

(d + l)a + -afe+i + dka + k(a k + (k - l)a) < k (158) 

for 1 < k < d— 1. Dividing both side of (158) by ka and using a k — 3 k a, a = -, 
q = 3 d + d + 2 ( see the end of the introduction) we see that (158) is equivalent 
to ^±1 + ^ + 3 fc + fc-l<3 d + 2. The left-hand side of this inequality gets its 
maximum at k = d — 1. Therefore we need to show that j^j + |3 d + d < 3 d + 4, 
which follows from the inequalities ^j- < 3,d < ^3 d + 1 for d > 2. 

ESTIMATION 4. Here we prove (123). During this estimation we de- 
note by G the set S' p n U £ (Tr(A(p)). Since = S' p \G and (133) holds, it 
is enough to prove that n(G) = 0(p~ a )fi(B(p)). For this we use (135) and 
prove p(G{+i,pd- 1 )) = 0{p- a )n{B{p)) for i = 1,2,..., d by using (136) ( the 
same estimation for G(— ijpd^ 1 ) can be proved in the same way). By (44), 
if x e G(+i, pd^ 1 ), then the under integral expression in (136) for k = i and 
a = pd^ 1 is less than d+1. Therefore it is sufficient to prove 

p(Pr(G(+i, pd- 1 )) = 0(p- a )p(B(p)) (159) 

Clearly if (x\, X2, ...Xi-\, Xi+i, ...Xd) € ~Pii(G(+i, pd^ 1 )), then 

fi(U E (G)(xi,X2, ...Xi-i,Xi+i, ■■■Xd)) > 2e and by (137), it follows that 

KUe(G)) > 2ep(Pv(G(+i 1 pd- 1 )). (160) 

Hence to prove (159) we need to estimate p(U £ (G)). For this we prove that 

U e {G) c U £ {S' p ), U e (G) C U 2£ {Tr{A{p))), U e (G) C Tr(U 2e (A(p)))- (161) 

The first and second inclusions follow from G C S p and G C U £ (Tr(A(p)j) 
respectively (see definition of G ). Now we prove the third inclusion in (161). 
If x G U E (G), then by the second inclusion of (161) there exists b such that 
b e Tr(A(p)), | x-b |< 2e. Then by the definition of Tr(A(p)) there exist 7 e T 
and c € A(p) such that = 7 + c. Therefore | x — 7 — c | = | x — b \< 2e, 

x - 7 e C/ 2£ (c) C C/ 2£ (A(p)). This together with a; G [/ £ (G) C ?7 e (Sp) (see 
the first inclusion of (161)) give x £ Tr(U2 £ (A(p))) ( see the definition of Tr(E) 
in the beginning of this section), i.e., the third inclusion in (161) is proved. The 
third inclusion, Lemma 8(c), and (134) imply that 

p{U e {G)) = 0(p- a )p(B(p))e. This and (160) imply the proof of (159)0 

ESTIMATION 5 Here we prove (124). Divide the set V p = V into pairwise 
disjoint subsets V (±l,pd _1 ) = V(±l, pd' 1 ), 

V'(±i,pd- 1 ) = V(±i,pd- 1 )\(U)-\(V(±j,pd- 1 ))), for i = 2,3,..., d. Take 

any point a G V (+i,pd^ 1 ) C S p and consider the function F(x) ( see Lemma 
8(a)) on the interval [a— ee,, a+eej], where e\ — (1, 0, 0, 0), e 2 = (0, 1, 0, 0), .. 
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By the definition of S p we have F(a) = p 2 . It follows from (44) and the def- 
inition of V (+i,pd^ 1 ) that > pdr 1 for x G [a — eei,a + ze^\. Therefore 

F(a - sei) < p 2 - c 2 i£i, F(a + ee t ) > p 2 + c 2 \E 1 . (162) 

Since [a-ee h a+ee^ G U e {a) C U s (V p ) C U e (S' p )\Tr(A(p)) (sec Theorem 7(6)), 
it follows from Theorem 7(a) that there exists index N such that A(y) = Ajv(y) 
for y G U s (a) and A(y) satisfies (102) ( see Remark 5). Hence (162) implies that 

A(a - eei) < p 2 , A(a + ee H ) > p 2 . (163) 

Moreover it follows from (122) that the derivative of A(y) with respect to ith 
coordinate is positive for y G [a — eei,a + eej]. So A(y) is a continuous and 
increasing function in [a — ee,, a + eej. Therefore (163) implies that there exists 
a unique point y(a,i) G [a — eej,a + eej] such that A(y(a, i)) = p 2 . Define 
^»(+*) by 7 p (+z) = {y(a, i) : a G V pd -1 )}). In the same way we define 
l'p(-i) = iv(a,i) ■ « e V'j-i.pd- 1 )} and put 7^, = U? =1 (!,(+*) U I^(-i)). To 
estimate the measure of I we compare the measure of V {±i : pd~ r ) with the 
measure of 7 (±i) by using the formula (136) and the obvious relations 

Pv(V'(±i,pd- 1 )) = Pv(l' p (±i)), p(Pr(l' p (± t ))) = O^ 1 ), (164) 

(^r 1 I grad(F) | -(^r)" 1 I 9rad(A) |= 0(p- 2 ^). (165) 

Here the first equality in (164) follows from the definition of I p (±i). The sec- 
ond equality in (164) follows from the inequalities in (135), since I C U e (S p ). 
Formulas (44), (122) imply (165). Clearly, using (164), (165), and (136) we get 
p(V'(±i,pd- 1 )) - p(l' p {±i)) = 0(p d - 1 - 2ai ). On the other hand if 

y = (2/1,2/2, -,yd) € l' p (+i)r\l' p (+j) for i < j then there area G V' pcT 1 ) 
and a € V pd^ 1 ) such that y = y(a, i) = y(a ,j) and y G [a — ee-i, a + ee^], 
y G [a — eej,a + sej]. These inclusions imply that pd~ l — e < yi < pd^ 1 . 
Therefore fj,(PTj(f p (+i) n l' p (+j))) = 0(ep d - 2 ). This equality, (136) and (122) 
imply that p((l' p (+i) n 7^,(+j))) = 0{ep d ~ 2 ) for all z and j. Similarly 

fJ-dt'pi+i) n ^(-j))) = 0(e/- 2 ) for all i and j. Thus 

M (/;) = ^>oC(+*)) +E^h)) +o( £ /- 2 ) = 

2 i 

M^' (+*, pd- 1 )) + M^'H, pO) + ot/- 1 - 2 " 1 ) = 

M(^ p ) + 0(p- 2ai )p(B(p)). This and (123) yield the inequality (124) for l' p . 
Now we define I as follows. If 7 + < G 7 then A (7 + 1) = p 2 , where A(7 + 1) is 
a unique eigenvalue satisfying (5) ( see Remark 5). Since 

A(7 + i) =| 7 + t | 2 +0{p- ai ) ( see (5) and (24)), for fixed t there exist only 
a finite number of vectors 71,72, ■■-,7s € T satisfying A(7& + t) = p 2 . Hence I p 
is the union of pairwise disjoint subsets I p k = {jk + 1 G I p : A(7& + i) = p 2 } for 
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k = 1, 2, ...s. The translation 7^' fc = 7^ fc - ^ k = {t E F* : ~/ k + 1 E l' Pjk } of 

I k is a part of the isoenergetic surfaces I p of L(q(x)). Put I p = U| =1 J fe . If 

f S 7p' fc n 7p' m for k^m, then 7 fe + i E l' p C ?7 e (Sp) and j m + 1 E U £ (S' p ), which 

contradict Lemma 8(b). So I p is union of the pairwise disjoint subsets 7 . for 
fc = 1 2 s Thus 

= E fc M^', fc ) = £ fc M^, fc ) - M^) > (i - c 16 p- a ))/i(fl(p))0 
6 Bloch Functions near the Diffraction Planes 

In this section we obtain the asymptotic formulas for the Bloch function corre- 
sponding to the quasimomentum lying near the diffraction hyperplanes. Here 
we assume that q(x) E W 2 S (F), where s > 6(3 d (d + l) 2 ) + d. In this section we 
define the number q by q = 4(3 d (d +1))- The other numbers p, a k , a, k\,p\ are 
defined as in the end of introduction. Clearly these numbers satisfy all inequal- 
ities in (15). Therefore the formulas obtained in previous sections hold in this 
notations too. Moreover the following relations hold 

fc 2 < ^(p - ^q(d - 1), k 2 a 2 >d + 2a, 4(d + l)oy = 1, (166) 

where k 2 = [^] + 2. In this section we construct a subset Bg of V 5 (p ai ) such 
that if 7 + t = (3 + r + (j + v)5 E Bg ( see Remark 3 for this notations), then 
there exists a unique eigenvalue Aj^(Xj t p(v, r)) satisfying (99). This is a simple 
eigenvalue. We say that the set B$ is a simple set in the resonance domain 
Vs(p ai ). Then we obtain the asymptotic formulas of arbitrary order for the 
eigenfunction ^n(x) corresponding to the eigenvalue Ajv(Aj )( g(t>, t)). At the 
end of this section we prove that Bs has asymptotically full measure on V$(p ai ). 
The construction of the simple set Bs in the resonance domain Vs{p ai ) is similar 
to the construction of the simple set B in the non-resonance domain (see Step 
1 and Step 2 in introduction). So as in Step 2 we need to find the simplicity 
conditions for the eigenvalue A^(Xj^). Since the first inequality in (166) holds, 
A N (\jjj) satisfies the formula (99) for k = k 2 . Therefore it follows from the 
second inequality of (166) that A^Aj^) lies in the e x = p- d ~ 2a neighbourhood 
of E(\j t p(v,r)), where E(Xj t p(v,r)) = Xj.p(v,r) + Ek 2 -i(Xj^(v, r)). Note that 
we have the relations 

Ek 2 -i(\j,p) = 0(p- Q2 (lnp)), X^(v,t) ~ p 2 (167) 
X j!0 (v, t) =| + r | 2 +p,(v) =| + r | 2 +0(p 2 ^) 

( see (100), Lemma 2(b), (52), (51) ). We call E(X jt0 (v,T)) the known part 
of A N (Xj^(v, t)). Since known parts of the other eigenvalues are Aj(7 + t), 
F{l +*) ( see Step 1), that is, the other eigenvalues lie in the e\ neighbourhood 
of Aj(7 +t), F(j +t), in order that Ajv(Aj ^(v, r)) does not coincide with any 
other eigenvalue we use the following two simplicity conditions 

| E(X j!0 (v,T)) - F( 7 ' + 1) |> 2 £l ,V 7 ' g M 1 (168) 
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I E(X j}0 )- Ai( 7 ' +t) |>2 £l ,V 7 ' eM 2 ;i = l,2,...,6 fc , (169) 



where M is the set of 7' e T satisfying | E(\ jt p(v,T))- \ 7' + t | 2 |< gp ai ; M x 
is the set of 7 e M satisfying 7 + f e U(p ai ,p); M 2 is the set of 7 € M such 
that 7 + t ^ U(p ai ,p) and 7 + i has the decomposition 

7' + i = p' + r + (j + v{(3'))6 ( see Remark 3) with /?' ^ (3. Let B s be the 
set of x e Vg(p ai )n {R{lp- p ai - l )\R{\p + p ai - v )) such that x = j + t, where 

7 € r, t e F* ( it is r decomposition of a;), and x = f3 + r+(j + v(/3))8, where 
13 e r 5 , r e F 5 , j e v(/3) e W(p) ( it is r 5 decomposition of x.), and (168), 
(169) hold. Using this conditions we prove that K N {\j^{v, r)) does not coincide 
with other eigenvalues if (3 + r + (j + w)<5 G B,?. The existence and properties of 
the sets Bs, will be considered in the end of this section. Recall that in Section 
4 the simplicity conditions (12), (13) implied the asymptotic formulas for the 
Bloch functions in the non-resonance domain. Similarly, here the simplicity 
conditions (168), (169) imply the asymptotic formula for the Bloch function in 
the resonance domain V s (p ai )- For this we use the following lemma. 

Lemma 9 Let Ajv(Aj il g(w, r)) be the eigenvalue of the operator L t (q(x)) satisfy- 
ing (99), where (3 + t + (j + v)S = 7 + t e B s . If for 7 +t = /?' +r + (j +v(fi'))5 
at least one of the following conditions: 

Cond.l: 7' e M, £ f3, 

Cond.2: \ j3 - (3' |> (p - l)p a , 

Cond.3: \ (3 - (3 \< (p - l)p a , \ j' S \> h hold, then 

\b(N, 7 ')\<c 4 p- ca , (170) 

where h = lO^p^" 2 , c = p - dq - \d3 d - 3, b{N,-y') = {^ Njt , e i ^' +t ' x ^), 
^N,t(x) is any normalized eigenfunction of L t (q(x)) corresponding to the eigen- 
value A N (\j t p(v,T)). 

Proof. Repeating the proof of the inequality in(105) and instead of the 
simplicity conditions (12), (13) and the set K using the simplicity conditions 
(168), (169), and the set M we obtain the proof of (170) under Cond.l. Suppose 
Cond.2 holds. Take n vectors 71, 72, 7«, where n < p — 1, from F(p a ). Using 
the decomposition 7$ = fii + a^S ( see (48)), where fa e I^, dj € K , 1 < i < 
n < (p — 1), and Cond.2 we have 

n 

I pi |< p a , I aiS \< p a ,f3' -Y,f3i¥=P (171) 

i=l 

n n n 

i=l i—1 i—1 

If 7' - YJl=i It G M > thcn ( 171 ) and ( 17 °) undcr Cond.l. imply that 
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K^il'-EjLi 7») = °(p~ c ")- If 7' £ M thcn applying (17) (p-l)-times and 
each time instead of b(N, 7 — Ei=i 7») f° r 7 — Ei=i 7i € M writing 0{p~ ca ) 1 
we obtain 

6(7V V)= E ^^-g^^T-sf-No ( M) (173) 
^^..n^oCAiv-iy-ELi^+ii 2 ) 

where the summation is taken under the conditions 7 — Ei=i 7« ^ Af, for 
j < p — 1- These conditions, the definition of M and (99) imply that 

I A w - I 7' - Ei=i 7* + 1 | 2 |> Therefore (173) and (4) give (170). 

Now assume that Cond.3. holds. First we prove that if 

7 — Ei=i 7* e where s = 0, 1, n and n, 7i are defined in the case of 
Cond.2., then — J2i=i Pi ^ P- Assume the converse, i.e., (3 — J2i=i Pi = P- 
Then the relations (/3 + t,S) = 0, | arf |< p a , (see (171)) | j'd \> h, \ v(P') |< 1 
and (172) imply that 

\l + t-j^ ll \ 2 >\P + r\ 2 + l -h 2 . (174) 

i=l 

On the other hand the definition of E(\j^(v, r)), and (167) yield 

E(\ j}0 (v,r))=\(3 + T | 2 +0(p 2ttl ) (175) 
Therefore using (174), (175) and the relations \h 2 > C22P° 2 , ai — 3ai we get 



E(\j,f,(v,T))- | 7 '+*-£7i 

»=i 



which contradicts 7 — Ei=i 7» e Af. Thus we proved that if 7 — Ei=i 7« e ^> 
then j3 — Ei=i ft 7^ ft This relation for s = means that /? 7^ /3 if 7 e M. 
Therefore if Cond.3. holds and 7' <E M, then Cond.l. holds too and hence (170) 
holds. To prove (170) under Cond.3. in case 7 ^ M we repeat the prove of the 
case of Cond.2, that is, use (173) and etc. ■ 

Theorem 8 If 7 + t = f3 + r + (j + v(f3))S e Bs, then there exists a unique 
eigenvalue Ajv(Aj j; a(v, r)) satisfying (99). This is a simple eigenvalue and the 
corresponding eigenfunction ^ n satisfies the asymptotic formula 

V N = $ j!0 (x)+O(p- a >]np). (176) 

Proof. The proof is similar to the proof of Theorem 5. Arguing as in the 
proof of the Theorem 5 we see that to prove this theorem it is enough to show 
that for any normalized eigenfunction '5 at corresponding to any eigenvalueAjv 
satisfying (99) the following equality holds 

£ \b(N,j',l3')\ 2 =0(p- 2 ^(\npf), (177) 

U',f3')eK 
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where b{N, j',0) = (* N (x), j (x)), 

K = {(j',0) : 3 G Z,0 G r 4 ,0'',/3') 7^ (j,/3)}. To prove (177) we divide 
the set if into subsets: iff, K x n S(p - 1), ifi n S c (p - 1), where 

K{ = K \ K u S c (n) = ^ \5(n), Jfi - {(./,/?') G #o :| A w - \, fj , \< ft 2 }, 
S(n) = {(j',0) G Kq :| (3 — \< np a , \ j' 5 \< 10 n h} and ft is defined in 
Lemma 9. If (j , ) G iff, then using (53), the definitions of and ft, we have 

]T |6(7V,/,/3')| 2 =sup| <z - (Z 5 | 2 0(p- 2 ^)=0(p- 2 ^). (178) 

To consider the set K\ n S(p — 1) we prove that 

tfi n S(n) =K,n {(j',0) : / G Z} C {(/,/?) :| j' 6 \< 2ft}, (179) 

for n = 1,2, — 1. Take any element (j , 0) from i^i n {(j ,0) : j G Z}. 
Since A /i/3 (u,r) =| /? + r | 2 («) =| '+ r | 2 + | (j' + v)8 \ 2 +0(1), where 
w G [0, 1] ( see Lemma 2(b) and (52)), using the definition of K\, (99) (175) and 
the relations h 2 ~ p" 2 , 0:2 = 3ai we obtain 

I 0(p 2ai )- I (3 + v)8 \ 2 \< 2ft 2 , 1 3 5 \< 2ft. Hence the inclusion in (179) is 
proved and K\ n {(/, 0) : 3 £ ZJ C Kid S(n). If the inclusion 

Ki n S(n) C K\ (1 {(j , 0) : j G Z} does not hold then there is an element 
(i',/3') of Ki n S(n) such that 

<| 0-0 \< np a < (p - l)p a , I 3 5 |< W n h < \p^. These inequalities 
and the inequality 

\K N -\ j i^\>\p a \ (180) 

for <| /?-/?' |< (p- l)p Q , I j'<5 |< \p^ a2 , which follows from (83), (88), imply 
that I A w - \ -i pi |> ft 2 . This contradicts (j',0) G ifi. So (179) is proved. 
Therefore 

E \b(N,j',0)\ 2 < ]T lW,/?)| 2 (181) 

(i',/3')e-R"ins( P -i) 

|/<5|<2h 

For estimation of b(N,j ,0) for | j <5 |< 2ft, we use (75) as follows. In (75) 
replacing and r by and 2ft, we obtain 

(A N -\ j i }0 )b(N,j',0)=O(p-v a )+ 

+ E A(/,/3,/+. n ,/3 + /3 1 )6(7V,/+ J1 , / 3 + /3 1 ). (182) 
C7'iA)eQ(/» a ,i8h) 

By definition of Q(p a , 18ft.) we have | /?i |< p a , | ji<5 |< 18ft , and hence 

1 (/ l< 20ft. < Therefore in the right-hand side of (182) the 
multiplicand b(N,j + ji, + 0i) for (j + <E -D(/3) takes part, where 
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D(P) ={V,0 + lh):\jS\< \ P ^ a \Q <| 0i \< P a }. Put 

\b(N,j ,(3 + p )\= max | b(N,j, (3 + ft) \ . 

By definition of D(/3) and by (180) we have | Aat - A jo;/ g +/9o |> \p a2 . This 
together with (53) gives | b(N,j ,P + Po) |= 0{p- a2 ). Using this, (182) and 
(71), we get 

| b(N,j',0) |< c 23 I An - A /i/3 r 1 p-" 2 (183) 

for j ^ j, | j S \< 2h, where 

Ajv-A /i/3 = Aj^-Ay ^ + O^-" 2 ) = p>)- M/ (v) + 0(p- Q2 ) (see (88) and 
Lemma 2(b) ) and v £ W(p) ( see the definition of Bs). Now using the definition 
of W(p) (see Lemma 3(b)) and (52) we obtain E/^j I — Ay ^ |~ 2 = O(lnp). 
This with (183) and (181) yield 

\b(N,j',(3)\ 2 =0(p- 2a *(\npf). (184) 

(i'^')GKins(p-i) 

It remains to consider K\ n 5 c (p — 1). We prove that 

&(JV,/,/?') = 0(p- CQ ) (185) 

for (j ,/3 ) e Kx C) S c (p — 1), where the number c is defined in Lemma 9. For 
this using the decomposition of ipy v if}'\{s) by { e J ( m +«(/ 3 ))* : m ^ we g e t 

b(N,j',p') = X;(¥'i',v(*),e i(,n+, ' )8 )(*J V (a:),e^' +T+ ( m+, '>^). (186) 

If | /3-/3' |> (p-l)p a then Lemma 9 ( see Cond. 2) and (73), (186) give the proof 
(185). So we need to consider the case | (3 — (3 \< (p — l)p a - Then by definition 
of S c (p — 1) we have | j S |> 10 Pl_1 /i. Write the right-hand side of (186) as 
E1+E2' where the summations in ^ x and ^2 are taken under conditions 
| mS |> h and | mS |< h respectively. By (73) and Lemma 9 ( see Cond. 3 ) 
we have J2i = 0{p~ ca ). If | m5 \< h, then the inequality | j |> 2 | m | holds. 
Therefore using (57), taking into account that | j 8 |~ p a2 and the number of 
summand in is less than p" 2 , we get J^ 2 = 0(p~ ca ). The estimations for 
Ed E 2 § ive ( 185 )- Now usin § I K i 1= 0{p^ d ^ qa ), we get 

\b{N l] \p')\ 2 =0{p-^- {d - 1 ^ a ). (187) 

(j',/3')e^ins<=( P -i) 

This, (178), (184) give the proof of (177), since (2c - (d - l)q)a > a 2 . The 
theorem is proved ■ 

Now using Theorem 8 we obtain the asymptotic formulas of arbitrary order. 
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Theorem 9 The eigenfunction defined in Theorem 8, besides formula (175), 
satisfies the following asymptotic formulas 

V N = $ jiP (x) + $ fc _i(aO + 0(p- ka2 hip) (188) 

for k = 1,2,..., m, w/iereni = [±(p- q(^) - \di d - 3)], $ o (a0 = 0, $ fe -i(x) 
is a linear combination of anc? $ •' ^ (x) /or (j , /3 ) e 5(fc — 1) w^/i 

expressed by g(x), Ay ^ , t&y $ (x) coefficients. 

Proof. By Theorem 8 the formula (188) for k — 1 is proved. To prove it for 
arbitrary k ( k < n\) we prove the following equivalent formulas 

\b(N,j',f3')\ 2 =0(p- 2ka Hlnp) 2 ), (189) 

(/,/?' )es<=(k-i) 

= ^ KNj'rf'Wj.j, +0(p- ka Hnp). (190) 

(/,/3')es(fc-i)u(i,/3) 

First consider the set S c (k — I) <~) Ki. It follows from the relations 

5(fe - 1) n = 5(p - 1) n K x (see (179)) and - 1) C S(p - 1) for 
< k < p ( see definition of 5(fc - 1)) that (S(p - l))\S(k - 1)) n K x = , and 
hence 

S c (k - 1) - 5 c (p - l)u (5(p - l)\5(fc - 1)), 

S c (k - 1) n K x = S c (p - 1) n K 1 . Therefore using (187), the equalities 
c = p-dq-\d3 d -3 ( sec Lemma 9), a 2 = 9a, m = [\{p - qi^f 1 ) ~ \d'Z d - ?>)] 
( see Theorem 9) we have 

\b(N,j',[3')f=0(p- 2n ^). 

(/,/3')es c (fc-i)nifi 
Thus it remains to prove 

\b(N,j',f3')\ 2 =0(p- 2ka H\npf) (191) 

(j',/3')es c (fe-i)nj<-f 

for fc = 2,3, ...,ni. We prove this by induction. By formula (70) and (176) 
we have \J , Ar(x)(q(x) — Q{s)) — H(x) + 0(p~ a2 hip), where H(x) is a linear 
combination of $j t p(x) and $y j/3 '(x) for (j ,[3 ) G S(l), since | j<5 |< r\ < h 

(see (51)). Hence H(x) orthogonal to $ ./ /3 ' (x) for (j , /3 ) € 5' c (l)- Therefore 
using (75) and the definition of K{ we have 

^ | (JV,j,/J)| 2 =£|^r ^ J I 2 (192) 

= 0{p-^(\npf). 

Hence (191) for k = 2 is proved. Assume that this is true for k = m. Then (190) 
for k = m holds too. This and (70) for r = l§ m ~ 1 h give 
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^>N(x)(q(x) — Q(s)) — H(x) + 0(p ma2 hip), where H (x) is a linear combi- 
nation of $j- )( g(a;) and tyy p>(x) for ( j , /? ) <G S(m). Thus H(x) is orthogonal to 

^ ■> p>(x) for (/,/?') € S c (m). Using this and repeating the proof of (191) for 
k = 2 we obtain the proof of (191) for k = m + 1. Thus (189) and (190) are 
proved. Here b(N, j, (3) and b(N, j , (3 ) for (j , (3 ) G S(fc — 1) can be calculated 
in the same way as we found b(N, 7) and b(N, 7 + 7 ) for 7 e T((n — l)p a ) in 
Theorem 5. Namely we apply the formula (75) 2fc+2 times and each time isolate 
the terms with multiplicand b{N,j, (3). Then in the obtained expression instead 
of An writing the right side of (99) for k = k 3 , where ks — — \q{d — 1)] 
we write b(N, j , (3 ) in term of b(N, j, (3). Substituting the obtained formula for 
b(N,j',/3') into (190), taking into account that || ^ N || = 1, axgb(N,j,/3) = 
( it can be assumed without loss of generality) we find b(N,j,0) and then 
b(N,j',(3') m 

Now we consider the simple set B$ in the resonance domain Vs(p ai ). As we 
noted in Remark 3 every vectors w of M. d has decomposition w = /3 + t+ (j + v)S 7 
where {3 £ Ts, r € F$, j E Z, v E [0, 1). Hence the space M. d is the union of the 
pairwise disjoint sets P(0,j) = {(3 + r + (j + v)5 : r e Fs,v e [0, 1)} for (3 € r«5, 
j e Z. To prove that Bs has an asymptotically full measure on Vs(p ai ), that is, 

Um Apl = 1 (193) 

we define the following sets: R\(p) = {j £ Z :\ j |< + §}, 
Si(p) = {jGZ:| j|< ^p-f}, 

ifc(p) = {P e r 4 : G i? 5 (§p + d 4 + l)\i2*(|p - <fe - 1))}, 

S 2 (p) = {/? e Ts : /3 G (i? 5 (|p-^-l)\i? 5 (ip+^+l))\U e r 5 ( P ^) V b s (pl))}, 

where i? 5 (p) = {x G H s :| x |< p}, T s (p a *) = {b G T 5 :| 6 |< p°-}, 

ttf(p') = e ff 4 :|| x + b\ 2 - I x | 2 |< pi}, and 
d$ = sup x yeFs I x — y I is diameter of i 7 ^. 

Moreover we define a subset P (0,j) of P{(3,j) as follows. Introduce the 
sets A(J3, 6, p) = {v G [0, 1) : 3j G Z, | 2(0, b)+ \ b | 2 + | (j + w )5 | 2 |< 4d s p a *}, 

MP, P) = UerM^) ^ &> W p) - ^(p)\A(/3, p) and put 

S 4 (0,j,v,p) = {t G F s : /? + r + (j + v)S G 5 4 } for j G Si, /3 G S 2 , 
w G S 3 (/3, 7,p). Then define P'(/3, j) by 

P'(0,j) = {0 + r+(j + v)6 : w G S 3 (0,p),T G Si(P,j,v,p)}. 

It is not hard to see that (193) follows from the following relations: 

hm 14^7 = 1, Vi = l,2, (194) 

P^oc I i?j(p) I 

Bj3U ieSl ,^ 2 F'(fti), (195) 
V 5 (p^)cU jeRl ^ eR2 P(P,j), (196) 

lim = 1. (197) 

To prove these relations we use the following lemma. 
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Lemma 10 Let w = f3 + t + (j + v)S. Then the following implications: 

(a) w e V s (p ai )^j e R u pe R 2 , 

(b) jeS u 0eS2=>we V S ( P ^) n (J2(|p - p^-^R^p + p"^ 1 )), 

(c) jeS 1 ,peS 2 ^we v' 5 { P ^) n (R(^ P - p a ^- 1 )\R(y + p^- 1 )) hold. 

The relations (195), (196) and the equality (194) are true. 

Proof. Since (/? + r, 8) = the inclusion w e Vs(p ai ) means that 
|| (j + v + l)S | 2 - | (j + v)S | 2 |< p ai , where| v |< 1, and 
(±p) 2 <| p + t | 2 + | (j + u)5 | 2 < (§p) 2 , where | t |< d 5 = 0(1) ( see the 
definition of V^p" 1 ) in introduction). Therefore by direct calculation we get 
the proof of the implications (a) and (b). 

Now we prove (c) . It follows from (b) and the definition of V s (p ai ) ( see intro- 
duction) that it is enough to show the relation w V a (p ai ) for a e T(pp a )\8R 
holds. Using a = a\ + a 2 S ( see (48)), where a\ € Ts, a 2 G R and | ai |< pp a , 
I a 2 5 |< pp Q , we obtain | w+a | 2 - | w | 2 = di+d 2 , where di =| P+a\ | 2 - | /? | 2 , 
^2 =| (j+a2+w)^ | 2 — | (j+v)6 | 2 +2(oi,r). The requirements on j, a\ , a 2 imply 
that d 2 = 0(p 2ai ). On the other hand the condition p e S 2 gives P <£ V*(pi), 
i.e., | di |> p2 . Since 2ot\ < \ we have || w + a | 2 — | w | 2 |> \p^ , w V a {p ai ). 
So (c) is proved. 

The inclusion (196) follows from the implication (a). If 
w = P + t + (j + v)8 belongs to the right-hand side of (195) then using 
the implication (c) we obtain w € V$(p ai )- Therefore (195) follows from the 
definitions of P (P,j) and S±{p,j, v, p). It remains to prove the equality (194). 
Using the definitions of R\, S\ and inequalities | 8 |< p a , ct\ > 2a we obtain that 
(194) fori = 1 holds. If/3 e R 2 then P + F s C R s (^p+2d s + l)\R s (^p-2d s -l). 
This implies that, 

I R2 \< (p(Fs))~ 1 p(R8(^p+2ds + l)\Rs{^p-2d s -l)), since the translations 
P + Fs of Fs for P d Tg, are pairwise disjoint sets having measure p(Fs). Suppose 
P + r e D(p), where - (i^fp - l)W|p + l))\(U e r 4 (p-«.) Wp*))- 

Then |p-l <| p + T |< ip+1, || p + r + b | 2 - I /3 + r | 2 |> 2p5 for 6 e T s (p a "). 
Therefore using | t |< ds it is not hard to verify that P £ S 2 . Hence the sets 
P + F s for P e S 2 is cover of D(p). Thus | S 2 \> (p(Fs))- 1 p(D(p). This, the 
estimation for | R 2 |, and the obvious relations | Ts(p ad ) \= 0(p (d ~ 1 ^ ad )), 

K(r 5 (Ip - 1) W±p + 1))) = o(p d -!), 

p((Rs(lp - l)\RsC 2 P + 1)) n V b s (2pi)) = 0(p d - 2 p^), (d - l)a d < \ (see 
the equality in (166)), 

lim p((Rs(lp-l)\Rs(^P + l))) = 1 
p(i?(|p + 2d s + l)\Rs(^P - 2d s - 1)) 

S 2 (p) C R 2 (p) imply (194) for i = 2 m 

Theorem 10 The simple set Bs has an asymptotically full measure in the res- 
onance set Vs(p ai ) in the sense that (193) holds. 
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Proof. The proof of the Theorem follows from (194)-(197). By Lemma 10 we 
need to prove (197). Since the translations P(0,j) — — j5 and P (0,j) — — j5 
of P(0,j) and P'(j3,j) are {r + vS : v G [0,1), r G F s } and 

{t + vS : v G Sz(0,p), t G S±(@, j, v,p)} respectively, it is enough to prove 

lim /i(S 3 (/3,p)) = 1, p(S 4 (0,j,v,p)) = p(F s )(l + 0(p~ a )), (198) 

p^oc 

where j G Si, G S*2, w G ^(/J, p), and 0(p~ a ) does not depend on v. To prove 
the first equality in (198) it is enough to show that 

l x(A(0,p))=O(p~ a ), (199) 

since W(p) D A(e(p)) and p(A(e(p)) — > 1 as p — > oo (see Lemma 3(b)). Using 
the definition of A(J3, p) and the obvious relation | Ts(p ad ) \= 0(p ( - d ~ 1 ^ ad ) we 
see that (199) holds if p(A(0, b, p)) = 0(p~ dad ). In other word we need to prove 
that 

p{s € R :| f(s) \< 4d s p ad } = 0(p- dad ), (200) 

where f(s) = 2(0, b)+ \ b \ 2 +s 2 \ S | 2 , e S 2 , b e T s (p ad ). The last inclusions 
yield | 2(0, b)+ \ b | 2 |> for | b |< p ad . This and the inequalities 

| f(s) |< 4d s p ad ( sec (200)), a d < \ ( see the equality in (166)) imply that 
s 2 | S \ 2 > ips from which we obtain | f'(s) \>\ S \ pi. Therefore (200) follows 
from the equality in (166)). Thus (199) and hence the first equality in (198) is 
proved. 

Now we prove the second equality in (198). For this we consider the set 
Si(0,j, v, p) for j G Si, G S%, v G S$(0,p). By the definitions of S4 and P>s 
the set Si(0,j,v,p) is the set of r G Fs such that E(Xj i f)(v,T)) satisfies the 
conditions (168), (169). So we need to consider these conditions. For this we 
use the decompositions 7 + 1 = + r + (j + v)8, 7 + 1 = +r+(j + v(0 , t))S, 
(see Remark 3) and the notations 

\j t p(v,T) = Pj(v)+ I + t | 2 , \i(j' +t) =| 7' +t | 2 +ri(j' +t). ( see Lemma 
2(b) and Remark 2). Denoting by b the vector —0 we write the decomposition 
of 7' + 1 in the form 7' + 1 = + b + r + (j + v(0 + b, t))S. Then to every 7' G T 
there corresponds b = 6(7 ) G Ts- For 7 G Mi denote by B 1 (0,b(j ),j,v) the 
set of t not satisfying (168). For 7 G M 2 denote by B 2 (0,b('j ),j,v) the set of 
t not satisfying (169), where Mj for i = 1,2 is defined in (168), (169). Clearly, 
if r G F (5 \(U s= i i 2(Uy eM3 ( J B s (/3,6(7'),j») then the inequalities (168), (169) 
hold, that is, r G Sn(0,j, v, p). Therefore using p(Fg) ~ 1 and proving that 

p(U VeM B s (0,b( 7 '),j,v)) = 0(p- a ), V.s = 1,2, (201) 

we get the proof of the second equality in (198). Now we prove (201). Using the 
above notations and the notations of (168), (169) it is not hard to verify that if 
r G B s (0, 6(7'), j,v), then 

I 2(0, b)+ I b\ 2 + I (j'+v(0 + b))5 | 2 +2(b,r)-p j (v) + h s (j' +t) \< 2ei, (202) 
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where h\ = F^-i — £* 2 -i, hi = — Ek 2 -i, 7' € M s ,s = 1,2. First we prove 
that (202) for s = 1,2 and b = 6(7 ) e Ts{p ad ) does not hold. The assumption 
v £ S^(f3,p) implies that v ^ A((3,p). This means that 

I 2(/3,b)+ I b | 2 + I (/ + w(/3 + &))<$ | 2 |> 4d 5 p Q «. Therefore if 

I 2(&,r)-M» + /i 5 (7'+i) l<3rf 5 p" d , (203) 

then (202) docs not hold. Now we prove (203). The relations b £ r 5 (p ad ), r e F5 
imply that | 2(6, t) |< 2dsp ad . The inclusion j <G Si and (52) imply that 

Pj(v) = 0(p 2ai ). By (24) and (100), hi = 0(p ai ). Now we prove that 
T{ = 0(p ai ) which implies that | /i 2 |= 0(p ai ) and hence ends the proof of 

(203) . The inclusion r £ B 2 (f3,b(l ),J», 

means that (169) does not holds , 

that is, 

I E(Xj ^(v, t)) — Ai(7 + t) |< 2e\. On the other hand the inclusion 7 £ M 2 
implies that 7 £ M ( see the definitions of M 2 , and M) and hence 

I E(\jjj(v,T))— I 7 + t | 2 |< ip" 1 The last two inequalities imply that 
7^(7' +i) = 0(/9 ai )- Thus (203) is proved. Hence (202) for b £ T s (p ad ) does 
not hold. It means that the sets B x ((3, b,j, v) and B ((3, b,j, v) for | b \ < p ad are 
empty. 

To estimate the measure of the set B s ((3,b(j ),j,v) for 7 £ M s , 
I fr(7 ) 1^ P ad i b £ Y$ we choose the coordinate axis so that the direction 
of b coincides with the direction of (1, 0, 0, 0), i.e., b = (b\, 0, 0, 0), 61 > 
and the direction of 5 coincides with the direction of (0, 0, 0, 1). Then Hg 
and B s ((3,b,j,v) can be considered as R d_1 and as a subset of F$ C M d_1 
respectively. We estimate the measure of B s (/3,b,j,v) by using (137) for 
D = B s ((3, b, j, v), m = d — 1, k = 1. For this we prove that 

^((B s (p,b,j,v))(T 2 ,r 3 ,...,T d _ 1 ))<4e 1 \b\~\ (204) 

for all fixed (t 2 ,t 3 , ...,Td_i). Assume the converse. Then there are two points 
t = (ti,t 2 ,T3, ...,Td_i) e Fa, t' = (ti,t 2 ,t 3 , ...,Td_i) e F5 oi B s (f3,b,j,v), such 
that I n — |> 4ei | 6 Since (202) holds for r and r we have 

I 26 1 (T 1 -r;)+ 5s (r)- ffs (r') |< 4 £l , (205) 

where <? s (r) = h s {0 + r + (j' + v{/3 + b))8). Using (44), (46), (101), and the 
inequality I b |> p ad , we obtain 

I 9l (r) - 9i {t) |< I n - t( |< h I n - t[ I, (206) 
I 52(t) - S2(t') |< 3/95"^ I n - t{ |< 61 I n - r( I . (207) 

The above inequality 61 | t\—t x |> 4ex together with (206) and (207) contradicts 

(204) for s = 1 and for s = 2 respectively. Hence (204) is proved. Since 
B s (f3,b,j,v) C ^ and rf 5 = 0(1), we have p{Pr B s {/3, b, j,v)) = 0(1). Therefore 
formula (137), the inequalities (204) and | b |> p ad yield 

M(F S (/3,6(7'),J, W ) = 0(ei | 6(7') I" 1 ) = O^-^) for 7' e M s C M 
and s = 1,2. This implies (201), since | M |= 0(p d_1 ), £1 = p-^- 2 " and 
0(pd-l-« d£ri ) = 0(p-«) ■ 
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